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Chapter 1

Introduction

1.1 General introduction, background, context and
main results

The topic of this thesis concerns random fractals. This is in the field of fractal
geometry. Fractal geometry is fairly new innovation, and I do not intend to
introduce it in full generality, but I will briefly explain what I know about its origin.
Some of the objects studied in fractal geometry first appeared in the history of
analysis as early as the mid-1800s. For instance the Weierstrass function, introduced
by Karl Weierstrass in 1872, was an early example of a function that is continuous
but nowhere differentiable. The Cantor set appeared in the work of Georg Cantor
on the uniqueness of Fourier coefficients. These objects, however, were mostly
not studied for their own sake, but rather for their pathological properties and
irregularities.

The change came in part from the work of Benoit B. Mandelbrot, who was
born in 1924 and died in 2010. I have the impression from his memoir [32] and
from the paper [58] that certain irregularities and deviations from (what was
commonly thought to be) the expected instead appeared to him to be the norm.
This idea is also reflected in the following quote of Furstenberg: “Incorporating
fractals into mainstream mathematics rather than regarding them as freakish
objects will certainly continue to inspire the many-sided research that has already
come into being” [58, Hillel Furstenberg]. Throughout Mandelbrot’s life, though
mainly between the late 1950s and early 1970s, he observed (or was made aware
of) plenty of phenomena where some things clustered surprisingly. In his memoir
[33] and his book The (Mis)behaviors of Markets [34], he explains that his belief
that self-similar and self-affine objects should be studied came from observations
of certain data concerning the physical world. One example that led him to this
conclusion, he explains, was the curious case of the flooding of the Nile. The yearly
flooding patterns showed long stretches of unusually high or low water, indicating
the presence of a persistent pattern. (This long-term dependency was already
observed before Mandelbrot by Hurst). Mandelbrot explains how flooding also
helped him to understand financial data slightly more, which he observed followed
similar patterns. Moreover, financial data is also impacted by an underlying
fat-tailed distribution, which causes clusters of unexpected events. Mandelbrot
further discusses how galaxies organize into clusters, and similarly errors appear in
a telephone line in-homogeneously in time in “astonishing bundles”. Mandelbrot
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thought about these phenomena not as deviations from something smooth, but
rather as irregularity inherent to their nature. He believed that “The key is spotting
the regularity inside the irregular, the pattern in the formless.” He thought this
could be done utilizing their fractal (or more in some cases multifractal) nature, as
he explains: “A fractal has a special kind of invariance or symmetry that relates a
whole to its parts: The whole can be broken into smaller parts, each an echo of the
whole.”

He later observes how Hausdorff dimension plays a central role in the analysis
of fractal objects (in the above sense). He explains: “In the context of prices, the
measurement of volatility was the Hausdorff dimension. In the context of turbulence,
the dimension of roughness was again the Hausdorff dimension.” He even claimed
that a “fractal is by definition a set for which the Hausdorff–Besicovitch dimension
strictly exceeds the topological dimension.” This is, however, not how we usually
think about fractals in the present day [16, p. xxv.].

A new chapter started in the world of fractal geometry with the 1981 paper [26]
of Hutchinson, which provided a rigorous basis for further research of fractal objects.
In this paper he “introduced the idea of an iterated function system (though not
with that name) for generating fractal sets” [58]. Another major step occurred just
4 years later with the first book of Kenneth Falconer, which served as a rigorous
basis for those who wanted to join the fractal community.

On the other hand, we must mention that long before the work of Mandel-
brot from the 1960s, important research was already done on irregular sets by
(among others) Abram S. Besicovitch, Herbert Federer and John M. Marstrand.
Their enormous effort to structure the knowledge of irregular sets provided an
important basis for the research in (not only) fractal geometry. This side of the
story perhaps starts with Carathéodory who introduced a method to construct
p-dimensional measure in q ě p dimensional spaces [42]. This subsequently inspired
Felix Hausdorff, who introduced the Hausdorff outer measure and dimension in the
late 1910s for fractional dimension as well [23]. Simultaneously, in Russia and later
in Copenhagen and the UK, Abram Besicovitch worked on numerous problems
in geometric measure theory. He is closely associated with the Kakeya problem,
and many fundamental theorems bear his name: a covering and a density theorem
(for Hausdorff measures) and a projection theorem (that states that if a planar
set has finite length and is purely unrectifiable, then almost all of its orthogonal
projections have 0 length). According to Federer, “Much of geometric measure
theory during the first half of this century consisted of detailed studies of certain
peculiar sets... From this analysis of pathology there gradually evolved, thanks
largely to the pioneering genius of A. S. Besicovitch, a pattern of structure.” (The
excerpt is noted by Taylor in [60]). In 1954, Marstrand formulated and proved
the highly influential projection and slicing theorems named after him [36], which
had a huge impact on both geometric measure theory and fractal geometry. The
projection theorems are as follows. Any analytic set in R2 has the property that
for almost every projection the dimension of the projected set equals the maximum
of the dimension of the original set and 1. Further if its dimension is greater than
1, then it projects to a set of positive Lebesgue measure in almost every direction.

Federer also played a central role in shaping geometric measure theory into a
unified and rigorous discipline. His geometric measure theory book was the first
systematic collection of the knowledge in geometric measure theory. Many variants
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of these theorems can be found in the fundamental books by Falconer, Mattila and
many others.

The story of random fractals, which is the primary focus of this thesis, begins
with Mandelbrot as well. In 1974, he introduced a model which later in his 1983
book he called canonical curdling. (The year “1974” was mentioned in [6] and [28].)
This is the common ancestor of random multiplicative cascades and the Mandelbrot
percolation set. Random multiplicative cascades are random measures which are
defined relative to the L-adic subintervals of the interval r0, 1s. These models were
first studied by Kahane and Peyrie (see [28]) as early as 1974, where (among other
things) they were interested in the dimension of the random measure. The topic of
this thesis is more closely concerned with the Mandelbrot percolation set, rather
than measures. This is a random set constructed by iterated coin-tossings on the
L-adic intervals of r0, 1sd, for some d ě 1. Namely, the Mandelbrot percolation
fractal in Rd is constructed inductively as follows. We fix an integer L ě 2 and a
probability p P p0, 1q. The closed unit cube is divided into Ld congruent sub-cubes,
each of which is independently retained with probability p and discarded with
probability 1 ´ p. This process is repeated in the retained cubes ad infinitum, or
until there are no cubes left. This construction results in a random set, which by
varying the probability parameter p displays different (almost sure) behavior, from
being an empty set, through being a dust-like set, and finally at p “ 1 being the
whole unit cube.

A broader family of random fractals was studied by Falconer [14] and Mauldin
and Williams [38] from the perspective of Hasudorff and box-dimension. For d “ 2,
Mandelbrot percolation was studied by Jessica T. Chayes, Lincoln Chayes and
Richard Durrett [6] from the perspective of percolation—the event that the left
and the right sides of the unit cube can be connected with a curve contained
entirely within the random attractor. Also, for general d ě 2 in the same year, the
geometric measure-theoretic properties (positivity of Lebesgue measure and the
value of dimension) of the coordinate projections were studied by Michel F. Dekking
and Geoffrey Grimmett in [9] for a broader family of random fractals. This was
followed by a collection of interesting work on similar constructions by, for example,
Kenneth Falconer (equality of Hausdorff and box dimension for axes-projections:
[15], interior for axes projections: [17]), Michel Dekking (differences of random
Cantor sets: [12], [10], phase transitions: [11]), Geoffrey Grimmett ([17]), Ronald
Meester ([39]), my supervisor, Károly Simon ([40]), Michał Rams ([50], [48]), Pablo
Shmerkin ([55]), Ville Suomala ([7],[56]), Sascha Troscheit ([62]), Julien Barral ([4],
[5]), and many of their students and many others. (Note that the above excludes
coauthors and is only intended to mention some important papers; the list is far
from being exhaustive). My supervisor found himself in the topic of random fractals
because he was asked to teach a course on random fractals at BME. As he says,
the best way to learn something is to do some research in it. This is also how the
random fractals began to be taught at BME. My interest in random fractals goes
back to the final Stochastic Processes class, when Károly Simon and Balázs Bárány
introduced them to me.
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1.1.1 Projections and overlaps

The primary object of study this thesis is a family of random fractals on the line.
We briefly explain the motivation for studying such examples. First, recall from
the introduction Marstrand’s projection theorem. Let E Ă R2 be a Borel set with
Hausdorff dimension s, and let πα denote the orthogonal projection onto the line
at angle α. According to Marstrand’s theorem, for Lebesgue almost every direction
α P r0, πq, the projection behaves as expected: if s ď 1, then dimHpπαpEqq “ s; if
s ą 1, then the Lebesgue measure of παpEq is positive. Mandelbrot percolations
are spatially homogeneous, they satisfy an even stronger dichotomy. When the
dimension of the set is greater than 1, the projection contains an interval in all
directions simultaneously almost surely conditioned on non-extinction (see [49]).
On the other hand, when the dimension is less than or equal to one, the projected
set has the same dimension as the original one ([48]) in every direction. Moreover,
the natural measure is absolutely continuous with Hölder continuous density (a.s.)
except for the vertical and horizontal directions [46]. In [54] Pablo Shmerkin and
Ville Suomala generalized all of these results to a large family of random measures,
and also proved many other results. We only mention that they prove that in
each direction there is an open set of lines whose intersection with the Mandelbrot
percolation set has Hausdorff dimension at least the almost sure dimension minus
1.

Projections of spatially inhomogeneous random self-similar sets behave differ-
ently. When projected in rational directions, even deterministic sponges frequently
exhibit pathological behavior characterized by a strict reduction in dimension caused
by the heavy overlaps. By sponge, we mean a self-similar set constructed recursively
on the unit square r0, 1s2. We fix an integer L ě 2 and a deterministic pattern
D Ă t0, . . . , L´1u2. We divide the unit square into the LˆL grid of sub-squares of
side length 1{L. We only consider the sub-squares whose grid positions correspond
to the index set D. To construct the random sponge, we run a similar percolation
process on the grid: each of these geometrically allowed sub-squares is retained
independently with a fixed probability p P p0, 1q and discarded with probability
1 ´ p. This subdivision and coin-tossing process is then repeated independently
inside each surviving sub-square ad infinitum or until there is no square left. The
random sponge is the limit set of the process. We again consider the orthogonal
projection of this planar set onto a line at a given angle α, where tanα is a rational
number. (We call such projections rational projections.)

In this thesis we consider a family of random self-similar sets which can be
thought of as rational projections of sponges in R2 into lines of rational directions.
Projections to the x-axis were studied, for example, in [9, 11, 15, 17]. Consider
the x-axis projection of the result of running the percolation process described
above with probability p, running on the cylinders of the Sierpiński carpet (see
Figure 1.3). In Figure 1.1 we summarize some consequences of the results appearing
in [9, 11, 15, 17]. The figure shows the phase transitions as the probability parameter
p varies. Those phases that appear in some form in the spatially homogeneous
model are denoted by green.

This shows at least two new phases compared to the spatially homogeneous
model: one parameter interval where the dimension is less than 1 and strictly drops
in the projection, and another where the set has an almost surely empty interior
despite having a positive Lebesgue measure (a.s. on non-extinction). Further, in
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Figure 1.1: Some phases the projection of the random Sierpiński carpet goes
through as we vary p.

[57], the authors show that for any rational angle α there exists pα ą 3{8 (so
dimpΛq ą 1) such that there is no interval a.s. in the α-projection. Similarly, a
considerable amount of research has been devoted to differences of random Cantor
sets (see, for example, [10, 12, 40]). These works also motivated the present research,
both in terms of methods and results, as similar parameter intervals arise in that
setting.

The following question naturally arises: what else can occur in rational direc-
tions? Do general rational projections behave the same as axis projections? These
were the questions that inspired the research in this thesis. Axis projections of
carpets only have simple types of overlaps: two first level cylinders agree, or they
have negligible overlap. In the general case of rational projections, the overlaps are
more complex. Keeping track of the overlaps requires extra bookkeeping, which is
done in this thesis using products of matrices, instead of just numbers.

This thesis builds upon a substantial body of existing work in random fractals,
matrix product theory, fractal geometry, and probability theory. The results
presented here rely on established theory and techniques from these areas, which are
referenced throughout. Within this framework, the thesis develops new connections
and results that extend and combine existing approaches.

1.1.2 Fractal geometry introduction

We call the function f : Rd Ñ Rd a strict contraction if it is a Lipschitz map with
Lipschitz constant r ă 1. In this thesis we will simply refer to these maps as
contractions. A finite list of contractions S :“ tSipxquiPI is called a contracting
iterated function system (IFS). In this thesis we confine ourselves to self-similar
IFSs, where each function in the IFS is a similarity: namely, for each i P I, Si

satisfies }Sipxq ´ Sipyq} “ |ri|}x ´ y}, where ri P p´1, 1qzt0u and } ¨ } denotes the
Euclidean norm. On R, self-similar IFSs have the form Sipxq “ rix` ti for some
ri P p´1, 1qzt0u and ti P R. On Rd, Sipxq “ riOix ` ti where ri P p0, 1q and Oi is
an orthogonal matrix. In this thesis we restrict ourselves to the case when there is
a common contraction ratio ri “ r, in which we say that the IFS is homogeneous.

Let ΣI
0 “ tHu, where H is the empty word. For the finite alphabet I we use
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the following notation for n P N:

ΣI
n “ In, ΣI

˚ “

8
ď

n“0

ΣI
n, ΣI

“ IN.

In natural language, these are the words of length n, the finite words, and the
infinite words over the alphabet I respectively. For a natural number K ą 1, we
will often use the alphabets t0, . . . , K ´ 1u “: rKs0 and t1, . . . , Ku “: rKs1. We
also use the notational shorthand

Si1...in “ Si1 ˝ ¨ ¨ ¨ ˝ Sin .

For a d-dimensional self-similar IFS there exists a compact set B Ă Rd, for
which SipBq Ă B. By a classical result of Hutchinson, for this IFS S, (say,
S “ t1, . . . ,Mu) there exists a unique non-empty compact set satisfying

ΛS “
ď

iPI
SipΛSq.

We refer to this set as the attractor, and note that it can be equivalently defined as

ΛS “
č

nPN

ď

pi1,...,inqPrMsn1

Si1...inpBq.

Dimensions of sets

In this section we formally introduce the Hausdorff, net and packing measures
and the Hausdorff, packing, lower and upper box dimensions. For this we follow
[3, 13, 37].

For a set U P Rd write diampUq “ supt}x ´ y} : x, y, P Uu. A collection of sets
tUiuiPI is called a δ-cover of a set E if E Ă

Ť

iPI Ui and, for all i P I, diampUiq ď δ.
For E Ă Rd and s ě 0 we define

Hs
δpEq “ inf

!

ÿ

diampUiq
s, tUiu is a countable δ-cover of E

)

.

It is easy to see that Hs
δ is increasing in δ and therefore the limit

Hs
pEq “ lim

δÑ0`
Hs

δpEq

exists. The resulting set-valued function Hs is in fact a metric outer measure which
when restricted to the Hs measurable subsets of Rd gives the Hausdorff s-measure.
Analogously, we can define the net measures N s

L, for s ě 0 and 2 ď L P N which
are defined in a way analogous to Hausdorff measures, but instead of general
covers, we only permit L-adic half-open half-closed cubes (L “

Ť

nPN Ln, where
Ln “ tx “ pxi, . . . , xdq P Rd : kiL

´n ď xi ă pki ` 1qL´n, ki P Zu). Defined in this
way we have

Hs
pEq ď N s

LpEq ď Cs,LHs
pEq,

for some uniform constant depending only on s. This follows since any ball can be
covered by finitely many cubes of comparable radius (and vice versa).

9



Assume that E is a bounded set in Rd. We define the upper and lower box
dimensions of E as

dimBpEq :“ lim inf
nÑ8

#tUi P Ln : Ui X E ‰ Hu

n logpLq
(1.1)

dimBpEq :“ lim sup
nÑ8

#tUi P Ln : Ui X E ‰ Hu

n logpLq
. (1.2)

When they agree we say that the box dimension exists, and we denote the common
values by dimBpEq.

Conjugation of IFSs

An IFS S 1 “ tS 1
iu is called bi-Lipschitz conjugate to another IFS S “ tSiu if

#S “ #S 1 and there exists a permutation τ : t1, . . . ,mu Ñ t1, . . . ,mu and a
bi-Lipschitz homeomorphism h : Rd Ñ Rd such that Sτpiq “ h ˝ Si ˝ h´1. In this
case the attractors satisfy hpΛSq “ ΛS1 (see [3, Section 1.3.3]). From this it follows
bi-Lipschitz conjugation of systems preserves the various properties studied in this
dissertation such as the dimension of sets, positivity of a measure of the set, and
the existence of interior points. We will use conjugation in the special case that h
is a similarity map, in which case the conjugated map has the same contraction
ratio as the original system.

Symbolic space and trees

It will be convenient for us to work with symbolic spaces and trees. Therefore, we
now introduce some basic notation for use throughout this thesis. The symbolic
space over the alphabet t1, . . . ,Mu is Σ “ ΣrMs1 “ t1, . . . ,MuN, equipped with
the metric

dpi, jq “ ρ|i^j|

for some fixed ρ P p0, 1q, where i ^ j is the maximal common prefix of i and j, |.|
denotes the length. This metric space is also in fact an ultrametric space since it
satisfies the ultrametric inequality dpi,kq ď maxtdpi, jq, dpj,kqu for any i, j,k P Σ.
We use this space to encode the points in the attractor in the following way. Let
π : Σ Ñ Rd be defined as

πpiq “ lim
nÑ8

Si|np0q, for i P Σ,

where i|n stands for the first n letter of i. This is called the natural projection
corresponding to the IFS S.

It will also be convenient to view the space Σ as an M -ary tree. Therefore, we
introduce some minimal graph terminology based on the introduction of the book
[31].

A directed graph G “ pV,Eq consists of a set V of vertices and a set E Ă V ˆV
of directed edges. We require now that E is irreflexive, i.e. it does not contain
edges of the form px, xq for x P V . If px, yq P E, then x is called a parent of y, and
y is called a child of x. The, a (directed) path is a sequence of vertices pvkqnk“0,
where n P N Y t8u and pvk´1, vkq P E for every k ě 1.

An undirected path is a sequence of vertices in which pvk´1, vkq P E or pvk, vk´1q P

E; that is, we do not worry about the direction of the edge connecting the vertices.
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We call a path a cycle if it contains at least two vertices, and its starting vertex
is the same as its last vertex. We call a cycle-free graph (a graph containing no
cycles) a forest. If all vertices v1, v2 P V are connected by an undirected path, then
we call the graph connected. A connected forest is called a tree. We will consider
rooted trees, which are trees in which exactly one vertex which has no parent, and
all other vertices have exactly one parent. If there is a directed path between two
vertices v1 and v2 we call v1 an ancestor of v2 and v2 is a descendant of v1.

We will always work with locally finite trees, where each parent has only a
finite number of children. In fact, we will always assume that for some 2 ď M P N
each parent has at most M children. Sometimes we will work with M -ary trees,
by which we mean that each vertex has exactly M children. A vertex v is called
a level-n vertex if the shortest directed path from the root to v has exactly n` 1
vertices.

We represent a rooted tree in which each vertex has at most M children using
finite words over the alphabet rM s1. Let us describe the construction of the full
rooted tree. The root of the tree is the empty word, denoted by H. Recall that for
n ě 0, we write

Σn “ t1, . . . ,Mu
n, Σ˚ “

ď

ně0

Σn,

where we set Σ0 “ tHu. In the tree the set of vertices are the elements of Σ˚. The
edge set is defined by

E “ t pi, iin`1q : i P Σ˚, in`1 P rM s1 u.

Thus, each word or vertex is connected to its children obtained by appending one
symbol. Every vertex i ‰ H of length n ě 1 has a unique parent i|n´1.

More generally, we may consider subtrees which are obtained as subsets of the
full tree constructed above. For a general tree T , the boundary, BT of T consists of
the infinite words i for which all finite prefixes i|n (n P N) are vertices of T . Since
we will use trees to represent the geometric structure of a random set obtained by
the percolation process defined earlier, finite lineages (that is, vertices in the tree
which contain no children) will occur naturally. Such lineages are invisible to the
boundary of the tree.

1.2 Notation and conventions used in the thesis
We now briefly collect some standard conventions in use throughout this thesis.
Whenever we work with an IFS, the IFS consists of M maps and each map has

contraction ratio 1{L. The corresponding alphabet is rM s1 “ t1, . . . ,Mu, and we
index the elements most commonly by letters i and j. In section 1.3.1 we define
the basic intervals and there will always be N basic intervals. The alphabet for
these basic intervals is rN s1 “ t1, . . . , Nu and its elements are usually indexed by
u, v, w. These will be referred to types and shapes as well.

In Section 1.7 environments will be defined. These are infinite words over the
alphabet rLs0 “ t0, . . . , L ´ 1u. Environments are predominantly denoted by θθθ.

Generally a single letter is denoted by θ, i, j, . . . and a finite word (or vector) is
denoted by θ, i, j, . . . . An infinite word is denoted by boldface θθθ, i, j. Matrices are
also denoted by boldface letters.
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symbol explanation link

λνpMq, λ
Lyapunov exponent corresponding to the expecta-
tion matrices and the ergodic measure ν

Sec.
A. 6.1.1

rKs0, rKs1
The alphabet t0, . . . , K ´ 1u; the alphabet
t1, . . . , Ku respectively Sec. 6.15

Σ,ΣrKsj
The infinite alphabet; the infinite alphabet over
rKsj

Sec.6.15

Λ The deterministic attractor (1.11)
ΛS,H,p,Λp The statistically self-similar set, and shorthand (1.11)

Z
puq
n pθθθqpvq, Zpuq

n pθθθq
The number of type v individuals in J puq

θθθ|n
, and the

corresponding vector for v P rN s1
Sec. 1.7.2

Y pθqpu, vq, Y pθqpuq
A random variable with the same distribution as
Z

puq

1 pθqpvq, and the corresponding vector Sec 1.7.2

i|n The prefix of i consisting of the first n letters
i´ The maximal proper prefix of i
ink pik, . . . , inq

Mθ An expectation matrix
Bθ A matrix describing the integer IFS (1.7)
qρ, qρpBq Lower spectral radius Def. 1.12
En, E8 The set of retained level n indices, Sec. 1.4
J p1q, . . . , J pNq The basic intervals, J puq “ rbuL, pbu ` 1qLs (1.5)
Γu r0, 1s Ñ J puq, Γupxq “ Lpx ` buq

Leb 1-dimensional Lebesgue measure

X
d
“ Y

the random variables X and Y has the same dis-
tribution

f˚ν
the pushforward of the measure ν by the function
f

Figure 1.2: Basic notation used throughout this thesis.
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We introduce some notation concerning N -dimensional vectors. Let u “

pu1, . . . , uNq, v :“ pv1, . . . , vNq P RN be two vectors. We denote the pointwise
power by

uv :“
N
ź

i“1

uvii

We also compare vectors pointwise:

u ď v ÐÑ @i P rN s1 : ui ď vi,

u ę v ÐÑ Di P rN s1 : ui ą vi,

u ă v ÐÑ @i P rN s1 : ui ă vi,

u ­ď v ÐÑ Di P rN s1 : ui ě vi.

Given a vector u we denote by ui the i-th element of the vector in case when the
vector does not have an index, in which case for the vector ui the j-th element is
uipjq. For a matrix A, Api, jq the j-th element of the i-th row of the matrix A.
Given two random variable X, Y , X d

“ Y denotes equality in distribution. For any
set H the cardinality of H is denoted by #H.

In Figure 1.2, we summarize some other notation used throughout the thesis.

1.2.1 Dictionary of terminology

A matrix M is

• non-negative, if all of its elements are non-negative,

• allowable, if all rows and columns have a strictly positive element, and

• strictly positive, if all of its elements are strictly positive.

A finite set of non-negative, allowable matrices tM1, . . . ,MKu is

• jointly positively irreducible, if there exists a product Mi1 . . .Min (i1, . . . , iK P

t1, . . . , Kun) which is strictly positive, and

• jointly positively irreducible with respect to the measure ν, (for a finite
measure ν defined on ΣrKs1) if there exists a product Mi1 . . .Min (i1, . . . , iK P

t1, . . . , Kun) which is strictly positive and νpri1, . . . , iKsq ą 0.

We also use two acronyms:

• IFS, for Iterated Function System,

• ISSIFS, for Integer Self-Similar IFS.

1.3 Model
In this section, we introduce in detail the random model which we will use through-
out this thesis. We are interested in IFSs which contain overlaps. In general,
overlaps lead to complex geometric structure which results in a wide range of
complicated behaviour. To make the overlaps more tractable, we confine ourselves
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Figure 1.3: The 45-degree projection of the Sierpiński carpet.

to a special family of overlapping self-similar IFSs for which we can build a system
to keep track of overlaps in a structured way. This will be done using products
of matrices. To summarize, for the special type of IFS which we will consider,
one can define a grid consisting of equally sized parts. The matrices keep track of
how many cylinders intersect each of these grid squares. When the overlaps are
either exact or negligible, it is enough to keep track of the number of overlapping
cylinders. When the overlaps are complicated, we subdivides the cylinders into
exactly overlapping parts, and on each of these parts the behaviour is differently.
It is for this reason that we require matrices. The following family of IFSs which
we introduce in the following section along with their matrix representation was
introduced and considered extensively by Ruiz in [52] where he studied self-similar
measures on IFSs of this type.

1.3.1 Deterministic integer self-similar IFS on the line

The most natural examples of the IFSs in which we are interested are the rational
projections of d-dimensional sponges. Throughout the thesis we only require the
following two properties to hold, which they always do for such projections.

(a) All contractions are the reciprocal of the same integer: that is ri “ 1
L

for an
integer L ě 2.

(b) All translations ti are rational numbers.

These IFSs can be conjugated (see Section 1.1.2) to a self-similar IFSs with common
contraction ratio 1{L and translations 0 “ t1 ď t2 ď ¨ ¨ ¨ ď tM where ti P Z for
all i and L ´ 1 divides tM . We call IFS of this form an Integer Self-Similar IFS
(ISSIFS). In what follows, we may assume without loss of generality that we are
working with an ISSIFS.

1.3.2 Matrix representation: informal example, the 45-degree
projection of the Sierpiński carpet

Before describing the construction in full generality, let us introduce the approach
informally through an example. We refer to Figure 1.3 for a visual depiction of this
example. The IFS we are considering is bi-Lipschitz conjugate to the 45-degree
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projection of the IFS corresponding to the Sierpiński carpet. More precisely, we
work with the following IFS:

S “

"

Sipxq “
1

3
x ` ti

*7

i“0

,

where t0 “ 0, t1 “ t2 “ 1, t3 “ t4 “ 2, t5 “ t6 “ 3 and t7 “ 4. In this case the
common contraction ratio is the reciprocal of L “ 3, and the IFS consists of M “ 8
functions. Next, consider the triadic intervals

Dk :“
␣“

pi ´ 1q3´k, i3´k
‰

: i P Z
(

, k P t´1, 0, 1, 2, . . . u .

We are particularly interested in the intervals J p0q “ r0, 3s, J p1q “ r3, 6s P D´1,
which we call basic intervals.

Since the images of the basic intervals under the iterates of the functions of
our IFS are triadic subsets of the basic intervals, we keep track of the number of
cylinders intersecting a triadic subinterval of J pkq. The two intervals are denoted by
a dark-blue and an orange color in Figure 1.3 respectively. Visually, the pre-images
(under the projection) of J p0q and J p1q are the large “top left” and “bottom right”
triangles respectively, as it is depicted in the middle subfigure of Figure 1.3. Inside
these larger triangles, we can see smaller preimages of the triadic intervals consisting
of similarly shaped triangles (of smaller size), as it is visible on the left subfigure
of Figure 1.3. The basic intervals correspond to the shapes that appear when
we define a natural grid determined by the angle of projection. We now define
matrices to keep track of the relationship between the shapes which appear and
their rescaled copies.

Consider the triadic subsets of J puq

J
puq

θ “

«

3u `

n
ÿ

ℓ“1

θℓ3
´pℓ´1q, 3u `

n
ÿ

ℓ“1

θℓ3
´pℓ´1q

` 3´pn´1q

ff

,

for θ “ pθ1, . . . , θnq P r3sn. For any i P rM sn1 and u P rN s1 there exists v P rN s1 and
θ P r3sn such that SipJ

puqq “ J
pvq

θ . Following Ruiz [51] we define L square matrices
of size 2 ˆ 2 (here, 2 is the number of basic intervals, one corresponding to each
shape):

Bθpu, vq :“ #
!

i P rM s1 : SipJ
pvq

q “ J
puq

θ

)

, (1.3)

for θ P r3s, u, v P r2s. These matrices describe how many 1/3-scaled copies of the
“top left” and “bottom right” triangles result from each “top left” and “bottom
right” triangle. The index of the matrix corresponds to the triadic interval, the
rows correspond to the original basic intervals, and the columns correspond to the
1{3-scaled copies. For example, the second element of the first row of B1 is the
number of rescaled copies of J p1q contained in the middle triadic interval inside
J p0q. In the deterministic setting, these matrices count the number of times a given
shape occurs in a given interval. In the random setting, a scalar multiple of these
matrices counts the expected number instead.

The step-by-step construction of B1 is as follows. The first row describes the
cylinders intersecting J p0q

1 . One can verify that S0pJ
p1qq “ S1pJ p0qq “ S1pJ

p0qq “

J
p0q

1 , meaning that B1p0, 0q “ 2, B1p0, 1q “ 1. In the figure, these correspond to
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the central, light-blue stripe (indexed by B) through J p0q. This light-blue stripe
contains three intervals: two of which are dark blue (the images of J p0q) and one
which is orange (the image of J p1q). Altogether,

B0 “

„

1 0
2 2

ȷ

, B1 “

„

2 1
1 2

ȷ

, B2 “

„

2 2
0 1

ȷ

.

We use the following terminology: shapes and types are the abstract objects
corresponding to the basic intervals, for example “top left” triangles and the “bottom
right” triangles. A column is a stripe in the figure, which is the preimages of an
N -adic interval (of any size) under the projection map. These are coded by finite
words over the alphabet rLs0. Environments are infinite words over the alphabet
rLs0, and are coding points in r0, 1s.

When analyzing rational projections or slices of sponges, it is natural to sub-
divide the cylinders into shapes and use matrices to track their evolution inside
columns. For instance: Manning and Simon [35] considered rational slices of the
Sierpiński carpet. Slices of more general 2-dimensional carpets appeared in [2];
the authors were using different matrices to encode the evolution of shapes. In
this thesis we follow the general framework used by Ruiz (see [51]) to encode the
growth of shapes. In the random setting shapes appeared in [12, 40], when studying
differences of random Cantor sets.

General setup

We fix an integer self-similar IFS S, with common contraction ratio L, and #S “ M .
Let η be the self-similar measure corresponding to the IFS S and the probability
vector p1{M, . . . , 1{Mq: for Borel sets A, the measure η satisfies

ηpAq “
ÿ 1

M
ηpS´1

j Aq.

Next, we introduce a family of partitions (mod 0) of R and refer to the elements of
these partitions as L-adic intervals :

Dk :“
␣“

pi ´ 1qL´k, iL´k
‰

: i P Z
(

, k P t´1, 0, 1, 2, . . . u . (1.4)

Particular attention is given to those elements of D´1 which have positive η-measure.
We call them basic intervals. We define the N basic intervals as

␣

J puq :“ rbuL, pbu ` 1qLs
(N

u“1
, bu P N, bu ă bu`1, u “ 1, . . . , N. (1.5)

The smallest interval that contains all the basic intervals is

I “ r0,FixpSM´1qs “

„

0, L
tM´1

L ´ 1

ȷ

.

Here we used that tM´1

L´1
P N. For every u P rN s1 and n P N the basic interval

J pkq subdivides into Ln congruent subintervals of length L´pn´1q contained in Dn´1,
which we denote by J puq

θ , where θ “ pθ1, . . . , θnq P rLsn0 . More precisely, for u P rN s1

and θ P rLsn0 :

J
puq

θ “

«

buL `

n
ÿ

ℓ“1

θℓL
´pℓ´1q, buL `

n
ÿ

ℓ“1

θℓL
´pℓ´1q

` L´pn´1q

ff

. (1.6)
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Fact 1.1. For any ℓ P rM sn1 and u P rN s1

1. There exists v P rN s1 and rθ P rLsn0 such that

SℓpJ
puq

q “ J
pvq

rθ
.

2. For θ P rLsm0

SℓpJ
puq

θ q “ J
pvq

rθθ
.

Proof. Since ηpJ puqq ą 0 it follows that ηpSℓpJ
puqqq ą 0, hence there exists v P

t1, . . . , Nu so that SℓpJ
puqq Ă J pvq. Observe that

SℓpJ
puq

q “ rbu{Ln´1
`

n
ÿ

k“1

tℓk{Ln´k, bu{Ln´1
`

n
ÿ

k“1

tℓk{Ln´k
` 1{Ln´1

s

where bu and tℓk are natural numbers for all k “ 1, . . . , n by the assumptions on
the form of the basic intervals and the translations of the IFS. From this it follows
that SℓpJ

puqq is in Dn´1, namely it is an L-adic interval of size L´pn´1q. Combining
this with SℓpJ

puqq Ă J pvq, the first assertion follows.
The second part follows similarly using the representation established in the

first part, namely that SℓpJ
puqq “ J

pvq

rθ
.

SℓpJ
puq

θ q “ rbu{Ln´1
`

n
ÿ

k“1

tℓk{Ln´k
`

n
ÿ

ℓ“1

θℓL
´pℓ`n´1q,

bu{Lℓ`n´1
`

n
ÿ

k“1

tℓk{Ln´k
`

n
ÿ

ℓ“1

θℓL
´pℓ`n´1q

` 1{Ln´1
s

“ rbvL `

n
ÿ

ℓ“1

rθℓL
´pℓ´1q

`

n
ÿ

ℓ“1

θℓL
´pℓ`n´1q,

bvL `

n
ÿ

ℓ“1

rθℓL
´pℓ´1q

`

n
ÿ

ℓ“1

θℓL
´pℓ`n´1q

` 1{Lℓ`n´1
s

“ J
pvq

rθθ

For every θ P rLs0 we define the N ˆ N matrix

Bθpu, vq :“ #
!

ℓ P rM s1 : SℓpJ
pvq

q “ J
puq

θ

)

. (1.7)

Further, for θ P rLsn0 for n ą 1

Bθpu, vq :“ #
!

ℓ P rM s
n
1 : SℓpJ

pvq
q “ J

puq

θ

)

. (1.8)

Fact 1.2. For θ “ pθ1, . . . , θnq P rLsn0 for n ą 1 we have

Bθpu, vq “ pBθ1 ¨ ¨ ¨Bθnqpu, vq.
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Figure 1.4: Visual depiction of a substitution model defined on a 3-ary tree
corresponding to a random subset of the 45-degree projection of the right-angled
Sierpiński carpet.

Proof. This follows from Fact 1.1 using the observation that for ℓ P rLsn0 and
u, v P rN s1,

SℓpJ
pvq

q “ J
puq

θ if and only if Dw P rN s1 : Sℓ´pJ pwq
q “ J

puq

θ´ , and (1.9)

SℓnpJ pvq
q “ J

pwq

θn
. (1.10)

Remark 1.3. In this thesis the matrices defined simultaneously for a letter θ P rLs0

and for a word θ P rLsn0 will satisfy the property in Fact 1.2 that the matrix corres-
ponding to a word θ “ θ1 . . . θn is equal to the product of matrices corresponding
to the individual letters θ1, . . . , θn. For this reason, it is safe to think about Aθ

for some general family of matrices tAθuθPrLs˚
0

and the word θ as the product
Aθ1 ¨ ¨ ¨Aθn .

We will use these matrices extensively in this dissertation.

1.4 Random sets. Formal definition of substitution
random sets.

In this section we introduce a model to randomize the above-defined ISSIFSs,
resulting in a random attractor. Given a general IFS S “ tSipxquMi“1, with M
maps, one can define a labelled Galton–Watson tree as a subset of a full M -ary
tree introduced earlier. The approximations of this random tree are projected to
the real line to form the approximations of the attractor as we explain below.

Let us first understand the construction through an example, which is visualized
in Figure 1.4. We will randomize the IFS which is the rescaled version of the 45-
degree projection of the right-angled Sierpiński carpet (see Section 5.0.2), namely

S “ tSipxq “ 1{2x ` tiu
3
i“1, t1 “ 0, t2 “ 1, t3 “ 2.
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Figure 1.5: Explanation of the quantities involved in the definition of labelled
Galton–Watson trees and IFSs.

In this case B “ r0, 4s hence S1pBq “ r0, 2s, S2pBq “ r1, 3s, and S3pBq “ r2, 4s. We
consider the following distribution on Ppr3sq: let Ppt1, 2, 3uq “ 2{3, Ppt1uq “ 1{6
and PptHuq “ 1{6. Next, consider the labelled 3-ary tree, with labels from t1, 2, 3u˚.
At the root we choose a subset ωH of t1, 2, 3u according to the distribution P, in
Figure 1.4 ωH “ t2u. We retain the nodes with labels in ωH (the black nodes in
Figure 1.4) and discard everything else (the gray nodes in Figure 1.4). We repeat
this process independently in each retained node ad infinitum or until there are
no nodes left (we call this event extinction). We denote by En the set of retained
level n nodes. The n-th approximation of the attractor, denoted by Λn, is the
projection of En, using the (cylinder projection) map πBpiq “ SipBq, for i P rM s˚

1 .
The random attractor is Λ “

Ş8

n“1 Λn.
We call this model the substitution model and the set substitution random set.

The name refers to the symbolic operation of substituting a node with its children,
and substituting a level-n cylinder for the level-pn ` 1q cylinders that it contains.

Now we rigorously define the underlying labelled Galton–Watson trees and the
corresponding substitution random sets. The precise construction differs slightly
from our informal example. The difference is that we will choose a random vector
for each node of the tree, independently of the node being retained or discarded.
This is to ensure consistency with the language of random multiplicative cascades
appearing in, for example, [18]. We also find it more aesthetically pleasing.

The precise construction differs from the informal example described above,
but results in the same object. In the formal construction we assign a vector
ωi1...in Ă rM s1 to each node i1 . . . in of TM , indicating which children survive, even
if the parent itself is not retained. Eventually survival is defined inductively: The
root survives, and a level-n node survives if its parent survives and the vector
assigned to the parent indicates so. The difference between the formal model and
informal example is represented in Figure 1.5.

Fix an IFS S with #S “ M ě 2. Let Ω “ PprM s1q, the power set of rM s1.
Let F “ PpPprM s1qq denote the usual σ-algebra on the finite set PprM s1q. Next,
fix a probability vector p “ pphqhPΩ, that is, ph ě 0 and

ř

hPΩ ph “ 1. We define a
probability measure P on Ω given for A P F by

PpAq “
ÿ

hPA

ph.

This is the base probability space pΩ,F ,Pq.
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Next, we consider the M -ary tree TM and the product space

`

ΩTM , FTM , PTM
˘

“

˜

ź

iPTM

Ωi,
â

iPTM
Fi,

â

iPTM
Pi

¸

,

where pΩi,Fi,Piq are independent copies of the base space pΩ,F ,Pq. Let W : Ω Ñ

t0, 1uM denote the random variable

W pωq “ p1t1 P ωu,1t2 P ωu, . . . ,1tM P ωuq.

We assign to each level-n node i1, . . . , in P TM a copy of the vector random variable
W ri1...ins

“ pW
ri1...ins

1 , . . . ,W
ri1...ins

M q of W . Since the probability space is a product
space and all random variables W ri1...ins depend only on the coordinate i “ i1 . . . in,
the family of random variables tW ri1...ins

uiPTM is jointly independent of each other.
We define another random variable for i P TM , which relates the model with the
one we informally explained earlier:

Qi “ W
rHs

i1
W

ri1s

i2
. . .W

ri1...in´1s

in
.

In this way, we can define the symbolic set of retained cylinders,

En :“ ti P rM s
n
1 : Qi “ 1u.

The n-th approximation of the random set and the attractor are given by

Λn “
ď

iPEn

SipBq, Λ “
č

nPN

Λn. (1.11)

Furthermore, we use the notation:

E8 “ ti P rM s
N
1 : @n P N, i|n P Enu,

and in this case the substitution random set is

Λ “ πpE8q,

where π is the natural projection corresponding to the IFS S.
In what follows we will also consider the random (labelled) tree corresponding

to the random sets En. Throughout the thesis we call this labelled Galton–Watson
tree. Namely, let T be the random subtree of TM whose vertices at depth n are
exactly the elements of En.

1.4.1 Survival of the process, and the event Λ ‰ H

In this section we discuss the event that E8 (and consequently Λ) is non-empty.
The process #En is a Galton–Watson process (see for example [31, Chapter

5.1]) pZnqnPN with Z0 “ 1 and offspring distribution F “ ppkqMk“0

pk “
ÿ

hPH
#h“k

ph.
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It follows from the theory of branching processes that the probability that the
process survives (namely that Zn ą 0 for all finite n) is 1´ q where q is the smallest
non-negative fixed point of the probability generating function

fpsq “

M
ÿ

k“0

pks
k.

From this it follows that the process survives in the above sense if and only if p1 “ 1
(this is the critical case) or the expectation satisfies EpZ1q ą 1. In the event of
survival, by Kőnig’s lemma on the existence of infinite paths in locally finite trees,
we have that E8 ‰ H; or Λ ‰ H since it is an intersection of a nested sequence of
non-empty compact sets.

The substitution model (and the underlying Galton–Watson process) is called
supercritical if EpZ1q ą 1, critical if EpZ1q “ 1, and subcritical if EpZ1q ă 1. The
substitution model is called supercritical if EpZ1q ą 1, critical if EpZ1q “ 1, and
subcritical if EpZ1q ă 1.

1.4.2 Branching property and statistical self-similarity

For i P Eℓ, j “ j1 . . . jn P rM sn1 let

Qi
j “ W

ris
j1
W

rij1s

j2
. . .W

rij1...jn´1s

jn
.

Consider the sub-process

E piq
k “ tj P rM s

k
1 : Q

i
j “ 1u.

The process satisfies an important branching property: Let i1, . . . , im P Eℓ, distinct
level-ℓ nodes. Then the sub-processes

`

E pi1q

k

˘

kě0
, . . . ,

`

E pimq

k

˘

kě0

are conditionally independent given σpEℓq, and each has the same distribution as
the original process pEkqkě0.

At the level of sets, this property is called statistical self-similarity.

1.5 A special case: the coin-tossing model
The coin-tossing model is a special case of the substitution model. Consider again
an IFS S with #S “ M . The distribution P on H “ PprM s1q is the following:

Pphq :“ p#h
p1 ´ pq

M´#h, h P H.

We refer to this as the coin-tossing model, as the retention of the cylinders is
determined via independent coin tosses.

The examples appearing in this thesis mostly correspond to the coin-tossing
model. One reason for this is that the coin-tossing model already shows a colorful
palette of behavior. Another reason is that the coin-tossing model is simpler to
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work with since the expectation matrices for θ P rLs0 and θ P rLsn0 can be written
as

Mθ “ p ¨ Bθ, Mθ “ pnBθ.

Here, we recall that Bθpi, kq “ #
!

ℓ P rM s1 : SℓpJ
pkqq “ J

piq
θ

)

was defined in (1.7).
The random attractor in the coin-tossing case will usually be denoted by Λp to

emphasize the dependency on the probability parameter p.
In the next section, we note some advantages of the more general substitution

model, as opposed to only considering the coin-tossing model.

1.6 Advantages of the substitution model
It might not be obvious how much larger the family of objects that one can deal
with when considering the substitution model instead of the coin-tossing one. I
believe that both models are standard to use. Examples from the literature where
the general substitution model is used include [9, 15, 17]. On the other hand, the
coin-tossing model is used, for example, in [49, 56, 57]. Here are a few examples
which can be described by the general substitution model but not by the coin-
tossing model. Generally speaking, modifications of the coin-tossing model will be
a substitution model instead of a (different) coin-tossing model.

1.6.1 Multistep process

If we begin with a substitution model and we would like to study the multi-step
process rEn “ En¨K , then the process rE can be described in its own right using a
substitution model. However, it cannot be described using a coin-tossing model,
even if the En was defined originally in terms of a coin-tossing model. This is
because the multilevel process has less independence: the retention of nodes which
share an ancestor other than the root are not independent.

1.6.2 Conditioning on survival

It is explained in Section 1.10.2 that, given a labelled Galton–Watson tree which
survives with positive probability, one can define another tree with a new offspring
distribution such that all of its branches are infinite and the distribution of the
boundary of the tree agrees with the original (conditional of non-extinction).

1.7 A different approach, to represent the geometry
In this section we introduce a stochastic process which is completely determined
by pEnqn but more directly encodes the geometry of the random attractor. The
stochastic process defined on the cylinders fails to represent the geometry of the
set when substantial overlaps occur. Instead of focusing on the cylinders, one can
instead focus on the number of cylinders intersecting the L-adic intervals. This
translates the branching process model to an environment dependent multitype
branching process model.
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1.7.1 Informal introduction

In the deterministic model we defined a matrix representation first in Section 1.3.2
first through an example, then generally. This section is devoted to explain the
non-deterministic analogue of this matrix representation. Later we will rigorously
define stochastic processes called multitype branching process in varying and random
environments. We will now use the terminology of this theory without the rigorous
definitions: the shapes upper and lower facing triangles are called types in this
theory, infinite intersections of columns (which are slices) are represented by
environments, this determine according to which rule types give birth to next level
types in the corresponding column-sequence.

1.7.2 The multitype branching process description of a sub-
stitution system

We use the notation θθθ “ pθ1, θ2, . . . q and θθθ|n “ pθ1, . . . , θnq. We fix θθθ “ pθ1, θ2, . . . q P

Σ “ rLsN0 and u P rN s1. These encode a point x “
Ş

nPN J
puq

θθθ|n
in the set

Ť

uPrNs1
J puq.

In this section we define a stochastic process

Zpu,θθθq “ tZpuq
n pθθθq “ pZpuq

n pθθθqp0q, . . . , Zpuq
n pθθθqpN ´ 1qq, n P Nu, (1.12)

taking values in NN , and describing the evolution of the number of cylinders
intersecting the L-adic interval containing x.

We call the sequences θθθ “ pθ1, θ2, . . . q P Σ environments and the elements of
rN s1 types or informally shapes. In practice, the random variable Zpuq

n pθθθq only
depends on θθθ|n, hence we will sometimes use the notation Zpuq

n pθθθ|nq “ Zpuq
n pθθθq.

This process translates the original process En to the language of geometry.
Namely, for v P rN s1, Z

puq
n pθθθqpvq is the number of cylinders that correspond to a

type v individual inside the interval J puq

θθθ|n
. More precisely, Zpuq

n pθθθqpvq counts the

indices i P rM sn1 such that SipJ
pvqq “ J

puq

θθθ|n
and i P En.

We define the level n ě 1 individuals of type v in environment θθθ in the basic
interval J puq:

X v
u,θθθ,n :“

!

i P En : SipJ
pvq

q “ J
puq

θθθ|n

)

.

Let i P X v
u,θθθ,n. Then, relative to the basic interval J puq, the set of type w P rN s1

offspring of a type v individual i P En in the environment θθθ is given by

Ypvq

i,u,θθθ|n`1
pwq :“

!

iin`1 P En`1 : Siin`1pJ pwq
q “ J

puq

θθθ|n`1

)

. (1.13)

Moreover, for an i P X v
u,θθθ,n let

Y
pvq

i,u,θθθ|n`1
pwq :“ #Ypvq

i,u,θθθ|n`1
pwq. (1.14)

Then by definition,
ď

vPrNs1

ď

iPX v
u,θθθ,n

Ypvq

i,u,θθθ|n`1
pwq “ Xw

u,θθθ,n`1. (1.15)

Observe that

If i P X v
u,θθθ,n, then (1.16)

iin`1 P Xw
u,θθθ,n`1 ðñ

´

Sin`1pJ pwq
q “ J

pvq

θn`1
and iin`1 P En`1

¯

. (1.17)
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Note that the events in the bracket in (1.17) are independent for distinct i P X v
u,θθθ,n,

and these events occur with probability
ř

hPH ph ¨ 11tin`1 P hu if Sin`1pJ pwqq “ J
pvq

θn`1
.

That is, for every i P rM sn1

P
`

iin`1 P Xw
u,θθθ,n`1|i P X v

u,θθθ,n

˘

“ P
`

in`1 P Xw
v,θn`1,1

˘

“

"

ř

hPH ph ¨ 11tin`1 P hu, if Sin`1pJ pwqq “ J
pvq

θn`1
.

0, otherwise.

Recall that the event tk P Xw
v,θn`1,1

u coincides with the event tk P E1, SkpJ pwqq “

J
pvq

θn`1
u, for every k P rM s1. For fixed θθθ an d u P rN s1, the sets ti P rM sn1 : i P X v

u,θθθ,n
u

are mutually disjoint across different choice of v P rN s1. Hence, for any v P rN s1

and i P X v
u,θθθ,n

the random variables Y pvq

i,u,θθθ|n`1
pwq are jointly independent and

Y
pvq

i,U,θθθ|n`1
pwq

d
“ Y pvq

pH, θn`1qpwq,

where d
“ denotes equality in distribution. In what follows a general random variable

with the same distribution as Y pvqpH, θθθn`1qpwq will be denoted by Y pθn`1, vqpwq

forming the vector Y pθn`1, vq “ pY pθn`1, vqp1q, . . . , Y pθn`1, vqpNqq.

Independence structure

For i P X v
u,θθθ,n we define the random vectors

Y
pvq

i,u,θθθ|n`1
:“

´

Y
pvq

i,u,θθθ|n`1
p0q, . . . , Y

pvq

i,u,θθθ|n`1
pN ´ 1q

¯

. (1.18)

Note that for fixed i P X v
u,θθθ,n, u P rN s1 and θθθ|n`1 the elements of the vector Y pvq

i,u,θθθ|n`1

need not be independent. However, as we mentioned earlier, for a fixed u and θθθ, the
sets X v

u,θθθ,n are disjoint for distinct values of v. It follows that for a fixed w P rN s1

the set tY
pvq

i,u,θθθ|n`1
pwq, i P X v

u,θθθ,n, v P rN s1u are mutually independent. Furthermore,

the random variables tY
pvq

i,u,θpwq, v P rN s1, i P rM sn1 , u P rN s1, θu are all independent
of the σ-algebra generated by tX v

u,θθθ,n, u P rN s1, θθθ, vu, i.e. the information at level n.
Finally, for θθθ P Σ, u P rN s1 and n P N, we define the random variables

Zpuq
n pθθθq “ pZpuq

n pθθθqp0q, . . . , Zpuq
n pθθθqpN ´ 1qq :“

ÿ

vPrNs1

ÿ

iPX v
u,θθθ,n

Y
pvq

i,u,θθθ|n`1
, (1.19)

taking values in NN and the process Zpu,θθθq “ tZpuq
n pθθθq, n P Nu. Starting in

Section 2.1.2 we will call this process a multitype branching process in a varying
environment.

Correspondence between the random attractor and the process

Define the map Γu : r0, 1s Ñ J puq where Γupxq “ Lpx ` buq and standard L-adic
coding Π : Σ Ñ r0, 1s. A point x P

Ť

uPrNs1
J puq is coded by pu,θθθq if x “ Γu ˝ Πpθθθq.

The process corresponds to ΛS,p since x P ΛS,p if and only if there exists a code of
x: a u P rN s1 and θθθ P Σ (such that x “ πupθθθq) with Zpuq

n pθθθq ą 0 for all n.
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1.7.3 Expectation matrices

First, we define the matrices Bh
θ for h P PprM s1q and θ P rLs0. These matrices are

analogous to the matrices introduced in (1.7), but restricted to the maps whose
indices are contained in h. Let

Bh
θ pu, vq “ #tj P h : SjpJ

pvq
q “ J

puq

θ u, h P H Ă PprM s1q, θ P rLs0.

For θ P rLs0, the N ˆ N expectation matrices defined for u, v P t1, . . . , Nu by

Mθpu, vq :“ EpZ
puq

1 pθqpvqq “ EpY pθ, uqpvqq,

satisfy
Mθ “

ÿ

hPH

phB
h
θ

since

EpZ
puq

1 pθqpvqq “
ÿ

iPrMs1

11tSipJ
pvq

q “ J
puq

θ uPpi P E1q “
ÿ

hPH

ph#ti P h : SipJ
pvq

q “ J
puq

θ u

“ Mθpu, vq.

For general words of finite length, the following holds.

Lemma 1.4. For θ “ pθ1, . . . , θnq P rLsn0 we have the following relationship:

EpZpuq
n pθqpvqq “ pMθ1 ¨ ¨ ¨Mθnqpu, vq “

˜˜

ÿ

hPH

phB
h
θ1

¸

¨ ¨ ¨

˜

ÿ

hPH

phB
h
θn

¸¸

pu, vq.

Proof. We prove the statement by induction on n “ |θ|. For n “ 1 and θ P rLs0 we
already have shown that the statement holds.

Now assume that the statement holds for all |θ| ď n ´ 1: we prove the claim
for words θ with |θ| “ n. Fix θ “ pθ1, . . . , θnq P rLsn0 and u, v P rN s1.

We will use two key facts:

• For i P rM sn1 , we have Ppi P Enq “ Ppin P E1qPpin´1
1 P Enq, because of the

branching property in section 1.4.2.

• SipJ
pvqq “ J puq for i P rM sn1 if and only if there exists w P rN s1 such that

SinpJ pvqq “ J
pwq

θn
and Sin´1

1
pJ pwqq “ J

puq

θn´1
1

; see the proof of Fact 1.1.
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Using these facts, we may compute

EpZpuq
n pθqpvqq “ E

¨

˚

˚

˚

˝

ÿ

jn´1
1

PrMsn1

ÿ

jnPrMs1

1tjn´1

1
jn P Enu11tjn´1

1
jn : Sjn´1

1
jnpJ pvq

q “ J
puq

θ u

˛

‹

‹

‹

‚

“
ÿ

jn´1
1

PrMsn1

ÿ

jnPrMs1

Ppjn´1

1
jn P Enq ¨

ÿ

wPrNs1

11tjn´1

1
: Sjn´1

1
pJ pwq

q “ J
puq

θn´1
1

u¨

11tSjnpJ pvq
q “ J

pwq

θn
u

“
ÿ

wPrNs1

ÿ

jn´1
1

PrMs
n´1
1

Ppjn´1

1
P En´1q11tjn´1

1
: Sjn´1

1
pJ pwq

q “ J
puq

θn´1
1

u¨

ÿ

jnPrMs1

Ppjn P E1q11tSjnpJ pvq
q “ J

pwq

θn
u

“
ÿ

wPrNs1

Mθ1...θn´1pu,wq ¨ Mθnpw, vq “ Mθpu, vq.

This completes the proof.

Summary

The following have key importance:

• The processes Zpθθθ, uq for θθθ P Σ and u P rN s1

• The random variables Y pθ, vq for θ P rLs0 and v P rN s1, taking values in NN

and having the same distribution as #tk P E1 : SkpJ pwqq “ J
pvq

θ u.

• The expectation matrices Mθ.

1.8 Results appearing in the thesis, and their ap-
plications

In this section we summarize the main results of this dissertation by topic. The
dissertation is based on the following papers:

• Projections of the random Menger sponge [43].

• Interior points and Lebesgue measure of overlapping Mandelbrot percolation
sets [45].

• Multitype branching processes in random environments with not strictly
positive expectation matrices [44].

Theorem 1.8, 1.13 and Lemma 1.14, 1.15 in [45]. There, they were proven in
higher dimension, for coin-tossing systems. Theorem 1.19 appeared in [45] in this
form. It’s general version, Theorem 1.18 together with Theorem 1.23 appears in
this dissertation first. The Menger sponge example 5.1 appeared in detail in [43].
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Theorem 2.6 appeared for coin-tossing systems appeared in [44] and in this general
form appears in this dissertation first.

In this section, we state each result for the attractors of substitution systems
(Section 1.4) running on the cylinders of a 1-dimensional IFS that is conjugate to
an ISSIFS (see Section 1.3.1). We will state the theorems in terms of ISSIFSs. The
IFS is S “ tSipxq “ x{L ` tiu

M
i“1, the attractor is denoted by Λ (with Λp reserved

for coin-tossing systems with probability parameter p). We emphasize that the
common contraction ratio is L´1, the number of maps is M , and there are N basic
intervals denoted by J p1q, . . . , J pNq.

The expectation matrices are M “ tM0, . . . ,ML´1u. These matrices are non-
negative by construction. We say that a non-negative matrix is allowable if each
row and column of each expectation matrix contains a strictly positive element.

Definition 1.5 (jointly positively irreducible matrices). Consider the set of non-
negative, allowable matrices tM0, . . . ,ML´1u. Given a probability measure ν on
ΣrLs0 we say that the matrices are jointly positively irreducible if there exists a
finite word pθ1, . . . , θnq P Σ

rMs1
n such that Mθ1 . . .Mθn is a strictly positive matrix,

and νpri1, . . . , insq ą 0. When the measure is implicit, we mean that the matrices
are jointly positively irreducible with respect to the uniform measure.

1.8.1 Ergodic measures on the random attractor

The theorem appearing here is based on the work [44], and appeared in [45] for
coin-tossing systems. The contributions to the field are as follows:

• We prove a theorem regarding the extinction of multitype branching processes
in random environments assuming that the expectation matrices only satisfy
a weak positivity condition (Theorem 2.6). Results of a similar flavor exist
in the literature (see for example [1, 29, 59], or the survey [63]), but only
with quite strong positivity assumptions on the expectation matrices. These
assumptions rarely hold for expectation matrices coding random self-similar
sets with overlaps; see Section 2.1.6.

• In Theorem 1.8 we give sharp conditions under which a substitution random
set has positive measure for a fixed ergodic measure (for example the Lebesgue
measure). This is an extension of [9, Theorem 8] where the authors consider
the positivity of Lebesgue measure of sets with only exact or negligible
overlaps.

Notation

Fix an IFS S. Then ΠL : Σ
rLs0 Ñ r0, 1s denotes the standard L-adic coding map

and, for a basic interval J puq, we define the projection Γu : r0, 1s Ñ J puq for x P r0, 1s

by Γupxq “ Lpbu ` xq. We consider the composition projection Γu ˝ ΠL : Σ Ñ J puq.
We write

rν :“
N
ÿ

j“1

pΓu ˝ ΠLq˚ν, (1.20)
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where pΓu ˝ ΠLq˚ν denotes the pushforward measure of ν with respect to the map
Γu ˝ ΠL. The quantity

λνpMq :“ lim
nÑ8

1

n

ÿ

θ1,...,θnPrLsn0

νprθ1, . . . , θnsq log }Mθ1 ¨ ¨ ¨Mθn},

is called the Lyapunov exponent with respect to ν. When the measure is not specified,
we refer to the uniform measure on Σ. Equivalently, λνpMq “ limnÑ8 1{n logp}Mθθθ|n}q

for ν-almost every θθθ P ΣL. More about the existence of the limit and this equality
can be found in Appendix 6.1.1.

Before we state the theorem we introduce an additional regularity condition, to
treat the critical case.

Recall the vector-valued random variables Y pθ, vq, for θ P rLs0 and v P rN s1

introduced in Section 1.7.2. The elements, Y pθ, vqpwq has the same distribution as
#ti P En : SipJ

pwqq “ J
pvq

θ u.

Condition 1.6. For a fixed ergodic measure ν on ΣrLs0 there exists θ P rLs0 so
that νprθsq ą 0 and for each v P rN s1:

PpY pθ, vq P t0u
ď

N
ď

j“1

ejq ă 1.

Remark 1.7. Condition 1.6 is equivalent to a strong regularity property of multitype
branching processes in random environments (defined in Section 2.1.3) introduced
by Tanny in [59].

Results

Theorem 1.8. Consider an ergodic measure ν on ΣrLs0. If M is jointly positively
irreducible with respect to ν, then the following hold:

• If λνpMq ą 0 then rνpΛq ą 0.

• If λνpMq ă 0 then rνpΛq “ 0.

• If λνpMq “ 0 and the vector random variables tY pθ, vqu corresponding to the
random attractor satisfy Condition 1.6 then rνpΛq “ 0.

The proof of this theorem can be found in Section 2.2.

Applications

• Positive Lebesgue measure in case of coin-tossing systems. For
the coin-tossing system with parameter p we consider the set of matrices
B “ pBθqθPrLs0 corresponding to the deterministic system. Assume that they
are jointly positively irreducible. Then

LebpΛpq ą 0 iff p ą expp´λpBqq.

Typically, it is very difficult to estimate the Lyapunov exponent corresponding
to a set of matrices.
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Application 1.9. Pollicott and Vytnova (based on personal communication in
2023, and can be found in [47]) estimated it in case of the matrices corres-
ponding to the 45-degree projection of the Sierpiński carpet (see Example 5.4
in Chapter 5.1.1). In this case 0.953 ă λpBq ă 0.982. For p ą 0.384 almost
surely conditioned on non-extinction LebpΛpq ą 0.

Application 1.10. Pollicott and Vytnova also proved (this is also based on
personal communication) that for the 45-degree projection of the right-angled
Sierpiński carpet, the lower and upper bounds for the Lyapunov exponent
λpBq are 0.3961 and 0.3962 respectively. Hence, for p ą 0.673, LebpΛpq ą 0
almost surely conditioned on non-extinction.

• Dimension formula We apply Theorem 1.8 for general ergodic measures in
Chapter 4 to prove the dimension formula appearing in Theorem 1.23.

1.8.2 Non-existence of interior points and positive Lebesgue
measure

The contributions can be summarized as follows:

• We provide a theorem on non-existence of interior points in the substitution
random sets for integer IFSs. This can be considered as an extension of
the result in [17, Theorem 1], which provides a sharp condition on the non-
existence of interior points for IFSs with exact or negligible overlaps. We note
that sharp result formulated in terms of the lower spectral radius appeared
in [10] for the difference of two random Cantor sets, which is the 45-degree
projection of the product of two random Cantor sets.

• In the case of a coin-tossing integer IFS, we give conditions under which there
exists a non-trivial interval pp0, p1q of probability parameters such that for
any p0 ă p ă p1 the random attractor Λp has positive Lebesgue measure, but
empty interior almost surely conditioned on non-extinction.

Heuristics

Let us focus for the moment on the existence of an interval of probability parameters
for which the attractor has positive Lebesgue measure and empty interior (almost
surely, conditioned on non-extinction). By Theorem 1.8 the positivity of Lebesgue
measure can be guaranteed by the positivity of the Lyapunov exponent. We will see
in Theorem 1.13 that similarly, non-existence of interior points can be guaranteed
by negativity of the logarithm of the lower spectral radius (sometimes called the
joint spectral subradius). Heuristically, the lower spectral radius captures the
“worst” behavior, i.e. the smallest matrix norms in the limit.

In order to discuss these two concepts simultaneously, we introduce the subad-
ditive pressure function. This encodes information about the two quantities, as its
right-derivative at zero is precisely the Lyapunov exponent and it’s asymptote at
minus infinity upper bounds the logarithm of the lower spectral radius.
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Concepts

Definition 1.11. The interesting parameter interval is an open interval pp0, p1q
0 ď p0 ă p1 ď 1 such that for every p P pp0, p1q the random (coin-tossing) attractor
Λp has empty interior almost surely, but has positive Lebesgue measure almost
surely conditioned on non-extinction.

Definition 1.12 (Lower spectral radius). Fix a set of non-negative matrices
M “ tM0, . . . ,ML´1u. We define

qρnpM, } ¨ }q :“ inft}Mi1 ¨ ¨ ¨Min}
1
n , Mij P M, 1 ď j ď nu.

Then, the lower spectral radius of the matrices M is given by

qρpMq “ lim
nÑ8

qρnpM, } ¨ }q.

This limit exists by subadditivity and Fekete’s Subadditive Lemma (for more on
the lower spectral radius see [27]). Moreover, it is intuitively clear (and explicitly
proved in [27]) that qρpMq is bounded above by the spectral radius of any single n-
fold product of matrices raised to the power 1{n. From Theorem 1.13 it follows that
if for ν “ p1{L, . . . , 1{LqN, the set of expectation matrices M is jointly positively
irreducible and has positive Lyapunov exponent (with respect to ν), then the
attractor has positive Lebesgue measure conditioned on non-extinction. We can
conclude that under these conditions, if λ “ λνpMq ą 0 but logpqρpMqq ă 0, then
the attractor has positive Lebesgue measure but empty interior (almost surely
conditioned on non-extinction).

We now introduce the subadditive pressure function, which among other useful
properties encodes both the Lyapunov exponent and the lower spectral radius
simultaneously. The subadditive pressure is the function

P ptq :“ lim
nÑ8

1

n
logp

ÿ

θPrLsn0

}Mθ}
t
q. (1.21)

Properties of the subadditive pressure are proved in [19, 21]. The relevant properties
are that for M, P ptq exists for all t P R, and it is convex and continuous. Moreover,
it is continuously differentiable for t ą 0.

In particular, limtÑ0` P
1ptq “ λ (see Lemma 4.5) and limtÑ´8 P ptq{t ě logpqρpMqq.

It follows that if P ptq is strictly convex on a subinterval of p´8, 0s, then logpqρpMqq ă

λ.

Results

Theorem 1.13. Suppose the expectation matrices satisfy qρpMq ă 1. Then the
interior of the attractor is almost surely empty.

For the proof see Section 2.4.

Lemma 1.14. Suppose that M is jointly positively irreducible. If P ptq is strictly
convex on a subinterval of p´8, 0q, then the corresponding substitution random set
Λ has positive Lebesgue measure and empty interior almost surely on non-extinction.
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Figure 1.6: The first figure depicts the properties of the subadditive pressure
corresponding to the expectation matrices M (when the interesting parameter
interval exists). The second figure shows the tangents of the subadditive pressure
corresponding to the matrices B and the tangents at zero and a point t0 ă 0.

We mention one final result here, which is a corollary of a more general theorem
of Tom Rush which we can apply in some special cases.

Lemma 1.15 (Corollary of a theorem of Tom Rush). Assume that M consists of
invertible matrices and is pinching and twisting. Then the pressure is either affine
on its entire domain or strictly convex in a neighborhood of 0.

For definitions of pinching and twisting, as well as more discussion about the
context of this result, we refer to Section 6.1 of the Appendix. In the applications
we will not use these definitions explicitly.

Applications

• Coin-tossing systems In the case of coin-tossing systems, the pressure can
be written as

Ppptq “ rP ptq ` t logppq,

where rP ptq is the pressure corresponding to the matrices tBθuθPrLs0 of the
deterministic IFS. If for tBθuθPrLs0 , the pressure satisfies the strict convexity
condition mentioned in Lemma 1.14, then it is easy to see that for p P

pe´λpBq, qρpBqq the random attractor Λp has positive Lebesgue measure but
empty interior almost surely conditioned on non-extinction.

• Some specific examples of coin-tossing systems

Application 1.16. For some particular coin-tossing systems we are fortunate
and we have estimates of the Lyapunov exponent and the lower spectral
radius that prove the existence of the parameter interval, where the random
attractor has positive Lebesgue measure but empty interior almost surely
conditioned on non-extinction. Consider the case of the 45-degree projection
of the Sierpiński carpet (Example 5.4). We saw in Application 1.9 that for
p ą 0.384 the random attractor has positive Lebesgue measure almost surely
conditioned on non-extinction. However, one of the first level matrices has
spectral radius 2. This is an upper bound on the lower spectral radius, hence
we know for p ă 1{2 that the attractor cannot have interior points almost
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surely. We note here (but do not provide the details in this thesis) that this
is the case also for the projection of the Menger sponge to the diagonal of
the unit cube in Example 5.1.

Application 1.17. It follows from [64, Exercise 1.7] that the monoid corres-
ponding to the invertible 2ˆ 2 matrices is pinching and twisting if there exist
two matrices Bi and Bj such that they are either parabolic or hyperbolic,
and they have no common eigensubspace. The matrices B0, B1 and B2

are invertible 2 ˆ 2 matrices. Out of the three, B0 and B2 are hyperbolic
(i.e. they both have two different eigenvalues). Further they don’t share an
eigensubspace. It follows that the monoid is pinching and twisting. Hence,
the assumptions of Lemma 1.15 are satisfied. The fact that the pressure
is not affine near one in the case of this example is proved by Bárány and
Rams in [2, Proof of Theorem 1.3]. Consequently, in this case the interesting
parameter interval exists.

We remark that non-affinity of the pressure can be proven for a more gen-
eral family of sets satisfying the in-homogeneity condition that L does not
divide M . This provides a larger family of examples for the applicability of
Lemma 1.15.

1.8.3 Existence of interior points

In this section we state a theorem about the almost sure existence of interior points
in the substitution random set for an ISSIFS.

In the applications we state a simpler theorem for coin-tossing systems. We
also mention two examples where using the Wolfram Mathematica programming
language, we estimated the probability parameter where almost surely (conditioned
on non-extinction) the attractor contains an interval. The result for coin-tossing
systems appeared in the paper [45].

The contributions to the field:

• We prove a theorem (Theorem 1.18) on existence of interior points in the
substitution random set for ISSIFSs. This is an analog of a [17, Theorem
1] for sets with only exact or negligible overlaps (e.g. axis projections). In
that case, one requires that in all columns the expected number of squares
is greater than 1, and this is the sharp condition for interior points to exist
almost surely conditioned on non-extinction. Below we prove an analogue
of this result for integer IFSs. Our result is not sharp. The complications
arise from having to keep track of the interactions of different types, which
we do by defining a finite set of N -dimensional vectors tuiui of non-negative
integers. We mention that a sharp result in terms of the lower spectral radius
appears in [10] for the difference of two random Cantor sets.

• We provide examples showing that the theorem provides interesting non-trivial
bound (Application 1.22).

Results

Theorem 1.18. Suppose the expectation matrices are all allowable, and moreover
that there exists a set of vectors U “ tu1, . . . , uℓu with ui “ puip1q, . . . , uipNqq P
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NNzt0u such that the following hold:

1. There exists w P rN s1, S
˚ P N, u˚ P U and θ P rLsS

˚

0 so that

PpZpwq
pθ˚

q ě u˚
q ą 0.

2. There exists R P N and γ ą 1 such that:

• There exists a h˚ P H with ph ą 0 so that for all θ P rLsR0 and for all
u P U there exists a v P U with

uTB
ph˚qR

θ ě γv,

where ph˚
qR “ ph˚, . . . , h˚q.

• For all θ P rLsR0 and for all u P U there exists a v P U with

uTMθ ě γv.

Then the random attractor Λ contains an interval almost surely, conditioned on
non-extinction.

Applications

Coin-tossing systems For coin-tossing systems, Theorem 1.18 simplifies to the
following.

Theorem 1.19. Consider the coin-tossing ISSIFS with attractor Λp and expectation
matrices M “ tM0 “ p ¨ B0, . . . ,ML´1 “ p ¨ BL´1u. Assume that there exists a
non-empty set U :“ tu1, . . . , umu with ui “ puip1q, . . . , uipNqq P NNzt0u such that
the following hold:

1. There exists u˚ P U and θ˚
P rLsS

˚

0 for some S˚ ě 1, and U˚ P rN s1 such that

eTU˚Bθ˚ ě u˚. (1.22)

2. There exists a γ ą 1 and a level R such that for all u P U and for all θ P rLsR0
there exists a v P U such that

uTMθθθ ě γv.

Then Λp contains an interval almost surely, conditioned on non-extinction.

Corollary 1.20. With the setup as in Theorem 1.19, assume that the following
hold:

• there exists a θ P rLsn0 such that Bθ has a strictly positive row, and

• for all θ P rLs0 the matrix Mθ has all column sum greater than one.

Then the random attractor contains an interval almost surely conditioned on non-
extinction.
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Application 1.21 (Menger sponge example (Example 5.1)). Using Corollary 1.20,
whenever p ą 1{6 the projection of the Menger sponge to the space diagonal of the
unit cube contains an interval almost surely, conditional on non-extinction.

Application 1.22 (Example 5.3 and 5.5). In these examples, we show that Corol-
lary 1.20 is not sharp. To prove this, we used an alternative condition in place
of condition 2 of Theorem 1.19 explained in section 3.1.3. This was to make
computational estimates using Wolfram Mathematica more practical.

In the case of Example 5.3 (which is the “0-1-3 problem”, with contraction ratio
1{2),

U “ tp1, 0, 1q, p1, 1, 0q, p0, 1, 1qu

and we estimated the optimal γ at level 20, which gave us the following result:
for p ą 463´1{20 „ 0.7357, Λp contains an interval almost surely conditioned on
non-extinction.

In the case of Example 5.5,

U “ tp1, 0, 1, 0q, p0, 1, 0, 1qu,

and in this case our estimation for the critical probability is pp ď 377´1{13 „ 0.633607.

1.8.4 Dimension theory of the random attractor

Concepts

In this result we again rely on the subadditive pressure function defined for matrix-
product (see (1.21)). The contributions of this part are as follows:

• We provide a theorem (Theorem 1.23.) concerning the value of the almost
sure dimension of the random attractor. This is an extension of similar results
in [9, 15] for sets with either negligible or exact overlaps to case of ISSIFSs.

Results

Theorem 1.23. Fix an IFS S “ tSipxq “ x{L ` tiu
M
i“1 with random attractor

Λ and expectation matrices M “ tM0, . . . ,ML´1u. Assume that M is jointly
positively irreducible. The Hausdorff, box and packing dimension of the random
attractor Λ have common value

dimΛ “ inf
tPr0,1s

P ptq

logpLq
, (1.23)

almost surely conditioned on non-extinction.

Applications

It is difficult to calculate or estimate this dimension formula numerically. We
believe, when compared to the case in which there are either exact or negligible
overlaps, no new phenomena can occur. One can make certain conclusions regarding
the dimension of sets, without knowing the precise value such as:
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• Assume that we are given a two-dimensional carpet with the property that
the reciprocal of the contraction ratio (L) does not divide the number of
maps (M). Consider a coin-tossing system running on the cylinders of this
IFS with parameter p. Fix any rational orthogonal projection of this IFS to
a line. Then there exists a non-trivial parameter interval pp0, p1q so that

dimHpprojpΛpqq ă dimHpΛpq.

• For coin-tossing systems, there is no parameter interval of p such that
LebpΛpq “ 0 but dimHpΛpq ě 1.

1.9 Our principal assumptions
We collect here the assumptions we make throughout the thesis and explain their
importance, as well as the potential (or difficulty) associated with their omission.

1. The IFS S “ tSipxqu satisfies:

• it is a 1-dimensional IFS,

• having common contraction ratio 1{L, for some L ě 2, integer,

• all the translations are rational.

The second and third assumptions are used to establish the existence of
matrices describing the overlap structure of the system in a certain manner.
Heuristically, because the translations are rational, we can define finitely
many basic intervals (see (1.5)), so that the corresponding matrices are also
finite. Homogeneity of the IFS is important for the matrices to count cylinders
intersecting certain equally sized (L-adic) intervals.

The same proofs appearing in this dissertation work for higher dimensional sys-
tems as well. In the original papers the results appears for higher dimensional
systems.

2. The set of expectation matrices M satisfies:

• The matrices in M are allowable (i.e. each matrix contains a positive
element in each row and column).

• There exists a product of the matrices of M which is strictly positive.

We usually assume the above two properties. They are both necessary for
the proof of Theorem 1.8 and Theorem 1.23. This is because the proof
of Theorem 1.8 relies on a certain limit theorem Appendix 6.2. The limit
theorem ensures that for ergodic measures, the Lyapunov exponent is equal
to an analogous quantity obtained by replacing the minimal column sum with
the matrix norm in the definition of the Lyapunov exponent. We call this
column-sum exponent. More about this exponent can be found in Section 6.1.1
in the Appendix.
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3. The IFS is statistically self-similar.

In the literature, in some cases the statistical self-similarity assumption can
be omitted (see for example results on differences of random Cantor sets:
[10, 12, 40]). In these cases, the typical practice is to use combinatorial
methods to find a large subset where some form of statistical self-similarity
does appear. Statistical self-similarity is crucial for all the results stated in
this thesis. A different model, also lacking statistical self-similarity, appears
in [62].

1.10 Some useful techniques
In this section we summarize some useful techniques appearing in the literature,
some of which are also used in this thesis.

1.10.1 Inherited properties and a 0–1 law for trees

In this section, we explain why certain events which occur with positive probability
in fact occur with probability one, conditional on non-extinction. This is a type of
0-1 law for Galton–Watson trees. Note that this is not a consequence of the usual
Kolmogorov 0-1 law as we do not have a nested sequence of independent σ-algebras
to form a tail σ-algebra to which we could apply Kolmogorov’s theorem. Instead,
we exploit the branching property and statistical self-similarity (see Section 1.4.2).

This idea has appeared in many books and papers on the topic of trees and
independent percolation processes. We use the terminology of [31, Proposition
5.6]. We provide two interchangeable statement, one for labelled trees and one for
compact sets.

Definition 1.24. A property P of a tree (resp. a compact set) is called an inherited
property if:

• The finite tree (resp. the empty set) has P .

• If a tree T has P, then for all vertices i, the subtree Ti has P (resp. If a
compact set has P then each compact subset has P as well).

The key observation concerning inherited properties is the following lemma.

Lemma 1.25. Suppose P is an inherited property of a tree (resp. of a compact set).
Then the Galton–Watson tree (resp. the substitution random set constructed from
the tree) satisfies P with probability either 0 or 1 conditional on non-extinction.

For the proof, see [31, Proposition 5.6].
An example of an inherited property for a compact set is being of zero measure.

For Lebesgue measure, this is used in Chapter 2. To show that the Hausdorff
dimension of a statistically self-similar set is almost surely constant, we use this
result with Hausdorff s-measure (for example, in Chapter 4). Having empty interior
is also an inherited property, and is used in Chapter 3.
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1.10.2 Conditioning on non-extinction

In this section we discuss an invention of Harris [22]. For a given Galton–Watson
branching process one can construct a different Galton–Watson branching process
which survives almost surely and for which the limiting behavior of the constructed
process agrees with the original, conditional on non-extinction. We use an analogous
construction here for labelled Galton–Watson trees. Namely, for a given supercritical
labelled Galton–Watson tree, we construct one which has the same boundary
(in distribution) conditional on non-extinction. One can construct a labelled
Galton–Watson tree for which extinction is suppressed by retaining only infinite
lineages. In particular the number of vertices at level n grows monotonically in n.

Assume that we have a supercritical labelled Galton–Watson tree. The offspring
distribution is as above: PpE1 “ hq “ ph. The cardinality of the set h P H is
denoted by #h. Because we consider a supercritical labelled Galton–Watson tree,
we have 1 ă EpE1q “

ř

hPH #h ¨ ph. We of course assume that the process dies
out with positive probability i.e. pH ą 0. Let q be the probability of extinction,
which we recall is the fixed point of the probability generating function fpqq “
ř

hPH ph ¨ q#h “ q.
One can construct a branching tree, and remove the finite branches. In this

case, if the original tree would die out, we would end up with only the root; but
conditional on the tree not dying out the boundaries agree.

The tree containing only the nodes with infinite lineages has the following
offspring distribution: for a subset k Ă rM s1, k ‰ H ,

ppk “

ř

hPHztHu

kĂh

php1 ´ qq#kq#phzkq

1 ´ q
,

which gives an empty sum if such an h does not exist.
The formula is derived as follows. We retain the subset k Ă rM s1 exactly if for

any k Ă h, with ph ą 0

• we retain the subset h,

• every i P kXh has infinitely many descendants (this happens with probability
p1 ´ qq for an i which is retained), and

• every i P kzh dies out eventually (which happens with probability q for an i
which is retained).

The rescaling factor 1 ´ q is the probability of non-extinction of the tree. This is
precisely the distribution of the tree which has only infinite lineages, conditioned on
non-extinction.

Let f : r0, 1s Ñ R be the probability generating function of the Galton–Watson
process #En, which has offspring distribution #E1. The corresponding probability
generating function is

fpsq “ Eps#E1q “
ÿ

hPH

ph ¨ s#h,

so the process containing only infinite lineages has probability generating function

pfpsq “
fps ¨ p1 ´ qq ` qq ´ q

1 ´ q
,
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Figure 1.7: Visual depiction of the rescaled probability generating function.

where we recall that q is the probability of extinction (equivalently, the fixed point
of the f). Visually the new pgf is the one obtained by restricting the pgf to the
square rq, 1s2 and then rescaling to r0, 1s2, as shown in Figure 1.7.

1.10.3 Large deviation theory

Large deviation theorems are a standard tool in the theory of random fractals.
The reason for this is that, in order to prove certain properties (such as the
existence of an interior point) one must study an exponentially growing family
of events. These events track whether the growth rate is what we expect. In
certain cases it is possible to prove that each unwanted event happens with a
superexponentially small probability (so that their probabilities are summable)
using large deviation upper bounds. (Note that large deviation bounds do not
inherently prove superexponentially small probabilities, but they do in the context
of how they are applied in the theory of random fractals.)

These techniques were used, for example, in [17, 48, 49].
We present the basics of the theory based on the notes [61]. Since we only

require upper bounds, we omit presentation of the lower bounds.

Lemma 1.26. Let X1, . . . , Xn be a sequence of finite i.i.d. random variables on
R with EpX1q “ m. Then for a, b P R, a ă m ă b there exists γpaq P p0, 1q and
γpbq P p0, 1q not depending on n such that

PpX1 ` ¨ ¨ ¨ ` Xn ă n ¨ aq ď γpaq
n, and PpX1 ` ¨ ¨ ¨ ` Xn ą n ¨ bq ď γpbqn.

Fix X1, . . . , Xn, a sequence of bounded i.i.d. random variables on R with
EpX1q “ m. The boundedness assumption of the variables is used extensively, even
when not explicitly mentioned. Let

Zpλq :“ Epexppλ ¨ X1qq,

denote the moment generating function. From the dominated convergence theorem
and boundedness of X1 it follows that Zpλq is finite for all λ P R, and further
dn{dλnZpλq “ EpXneλXq for all λ P R. We define

pIpλq “ logpZpλqq,
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which is called the logarithmic moment generating function, and its Legendre
transform is

Ipxq :“ sup
λPR

pλx ´ pIpλqq.

The function Ipxq is defined on plimλÑ´8
pI 1pλq, limλÑ8

pI 1pλqq. Since X1 is finite,
Zpλq is finite on R, and therefore the logarithmic moment generating function is
defined on R. We do not prove here that Zpλq together with its Legendre transform,
Ipxq, it is also strictly convex. Note that Ipxq “ λ˚pxqx ´ pIpλ˚pxqq where λ˚pxq is
by the strict convexity the unique value where pI 1pλ˚pxqq “ x.

Since pI 1pλq “ EpXeλXq{EpeλXq, the unique λ for which pI 1pλq “ EpXq is λ “ 0.
From this it follows that IpEpXqq “ ´pIp0q “ logp1q “ 0.

From Ipxq “ xλ˚pxq ´ pIpλ˚pxqq it follows that

I 1
pxq “ λ˚

pxq ` x ¨ pλ˚
q

1
pxq ´ pI 1

pλ˚
pxqqpλ˚

q
1
pxq “ λ˚

pxq,

and therefore the following lemma holds.

Lemma 1.27. I has a unique minimum at m. Moreover, Ipmq “ 0 and Ipxq ą 0
for all x ‰ m.

Let Sn “ X1 ` ¨ ¨ ¨ ` Xn, and b ą m. By Lemma 1.27 Ipbq ą 0. By Markov’s
inequality, for any λ ą 0

PpSn ą nbq “ PpλSn ą λnbq

ď PpexppλSnq ą exppλnbqq

ď EpexppλX1qq
n

¨ e´nbλ
“ expp´npbλ ´ pIpλqqq.

We take the infimum over all λ ą 0, yielding

PpSn ą nbq ď exp

ˆ

´n sup
λą0

´

bλ ´ pIpλq

¯

˙

. (1.24)

Recall that λ˚pbq is the unique value for which pI 1pλ˚pbqq “ b. With this notation

sup
λPR

pbλ ´ pIpλqq “ pbλ˚
pbq ´ pIpλ˚

pbqqq. (1.25)

It follows from Lemma 1.27 that supλą0pbλ ´ pIpλqq “ Ipbq ą 0. From this we get

PpSn ą nbq ď expp´Ipbqq
n,

and therefore the statement holds for 0 ă γpbq “ expp´Ipbqq ă 1. The statement
for a ă m can be proven similarly by swapping the sign of λ.
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Chapter 2

Lebesgue measure of the random
attractor

In this chapter we focus on the characterization of positivity of deterministic ergodic
measures on the random attractor, under mild assumptions on the expectation
matrices. By an ergodic measure, we mean an ergodic measure on the symbolic
space projected to the interval I. In order to understand positivity of the measure,
we study the survival of a certain space-dependent branching process.

This method has been used many times in the literature, for example by
Dekking and Grimmett in [9] to characterize the positivity of the Lebesgue measure
of a random attractor in Rd containing exact or negligible overlaps (projections
of d-dimensional random self-similar sponges to e ă d-dimensional coordinate
subspaces). In this case, the process is associated with a (single-)type branching
process in a random environment.

Móra, Simon and Solomyak in [40] studied the difference of random Cantor sets,
we use similar branching processes as they do in our proof.

In this chapter we use the notation introduced in Section 1.8.1. The goal of the
chapter is to prove Theorem 1.8.

This chapter is structured as follows. We first introduce multitype branching
processes in varying and random environments, and state Theorem 2.6 concerning
their survival. Next, we relate these random processes with the process which
defines the random attractor, which also proves Theorem 1.8 assuming Theorem 2.6.
A key step here is Lemma 2.9, which states that we can study pointwise survival at
almost every point, instead of survival of almost every point simultaneously. Finally,
we prove Theorem 2.6, the characterization theorem concerning the survival of
multitype branching processes in random environments, which completes the proof
of Theorem 1.8.

2.1 Multitype branching processes
In order to introduce multitype branching processes, we will use similar notation
as in Section 1.7.2 of the introduction. However, we defer formally stating the
relationship until Section 2.2.
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2.1.1 Introduction to multitype branching processes

We now introduce some preliminary notation regarding the N -type branching
process for N ě 2. Let PpNN

0 q denote the probability distributions on NN
0 . We

identify each distribution in PpNN
0 q with its probability generating functions (pgf )

f . That is, for µ P P
`

NN
0

˘

, its pgf is given by

fpsq :“
ÿ

zPNN
0

f rzssz “
ÿ

zPNN
0

f rzs

N
ź

i“1

szii , for s “ ps1, . . . , sNq P r0, 1s
N ,

where f rzs :“ µptzuq, z “ pz1, . . . , zNq P NN
0 . More generally, we will work with

N -dimensional vectors of probability measures, which we identified with vectors of
pgfs:

f “ pf p1q, . . . , f pNq
q P PpNN

0 q ˆ ¨ ¨ ¨ ˆ PpNN
0 q “ PN

pNN
0 q. (2.1)

Some words about the multidimensional probability generating function

We now state some useful facts regarding multivariate pgfs without proof. Let
f : r0, 1sN Ñ R a multivariate probability generating function. This corresponds to
the NN

0 -valued random variable X “ pX1, . . . , XNq if

fpsq “ EpsXq “ EpsX1
1 . . . sXN

N q “
ÿ

zPNN
0

PpX “ zqsz.

Throughout this thesis, we will assume that f corresponds to a bounded distribution,
in which case we may define pf : RN Ñ R by the rule

pfpsq :“
ÿ

zPNN
0

f rzssz “
ÿ

zPNN
0

f rzs

N
ź

u“1

szuu .

Then, the following are true:

• f is a multivariate polynomial and is in particular analytic on RN .

• Bf
Bsu

p1q “ EpXiq .

• B2f
Bs2u

p1q “ EpXupXu ´ 1qq and B2f
BsuBsv

p1q “ EpXu ¨ Xvq.

2.1.2 Multitype branching processes in varying environments

Now, we define the N -type branching process in varying environment, for N ě 2.

Definition 2.1. A sequence v “ pf
1
, f

2
, . . . q of N -dimensional probability meas-

ures f
n

“ pf
p1q
n , . . . , f

pNq
n q on NN

0 is called a varying environment.

Definition 2.2. The stochastic process Z “ tZnuně0 is called an N -type branching
process with varying environment v “ pf

1
, f

2
, . . . q if for all z P NN

0 ,

Pz0,v
pZn “ z|Z1, . . . , Zn´1q “ pfZn´1

n
qrzs.

In the above definition, we write Pz0,v
instead of P to emphasize the initial

population size z0 and the fixed (deterministic) environment v.
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An alternative description

Alternatively, one can describe the process in the following way. Suppose we are
given a varying environment v “

´

f
n

¯

ně1
of N -dimensional probability measures.

For each i P rN s1 and n ě 1 there is an offspring vector random variable

Y piq
n “

`

Y piq
n p1q, . . . , Y piq

n pNq
˘

such that
P
´

Y piq
n “ y

¯

“ f piq
n rys, for every y P NN

0 .

Now we define tZnuně0, which we call the N-type branching process in the varying
environment v. We begin at level 0 where the number of different types of individuals
is deterministic and is given by z0 :“ pz

p1q

0 , . . . , z
pNq

0 q. That is, Z0 :“ z0. The n-th
element of the process is the vector random variable Zn “ pZ

p1q
n , . . . , Z

pNq
n q, where

Z
piq
n is the number of level n individuals of type i. Given Z0, . . . , Zn´1 we define

Zn as follows.
We consider the sequence of vector random variables

!

Y
piq
j,n “

´

Y
piq
j,n p1q, . . . Y

piq
j,n pNq

¯

: i P rN s1, j P t1, . . . , Z
piq
n´1u

)

,

for which the following hold:

(a)
!

Y
piq
j,n

)

i,j
are independent of each other and Zn´1, and

(b) Y piq
j,n

d
“ Y piq

n .

Informally, the ℓ-th component Y piq
j,n pℓq of Y piq

j,n is the number of type ℓ children of
the j-th individual of type i in the n ´ 1-th generation. Then the vector of the
numbers of various type level-n individuals is

Zn “
`

Zp1q
n , . . . , ZpNq

n

˘

:“
N
ÿ

i“1

Z
piq

n´1
ÿ

j“1

Y
piq
j,n. (2.2)

Here, we recall that Zpiq
n is the number of type i individuals in the n-th generation.

The process tZnun is a multitype branching process in the varying environment v.
The two descriptions are the same since the probability generating function of a
sum of independent random variables is the product of the probability generating
functions.

Just as in the introduction, we will choose the sequence of distributions from
a finite family of distributions tf

0
, . . . , f

L´1
u, and all distributions will be finite.

In this case, we identify the environment (which is formally an infinite sequence
of distributions) with an infinite word over the alphabet rLs0 “ t0, . . . , L ´ 1u.
It makes sense to define the finite set of offspring distributions for θ P rLs0 and
i P rN s1:

Y i
θ “ pY i

θ p1q, . . . , Y i
θ pNqq.

For a fixed θθθ P ΣrLs0 , we denote the corresponding process by Znpθθθq.
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2.1.3 Multitype branching processes in a random environ-
ment

Now, we describe a generalization of the above process: instead of fixing a determin-
istic environment we consider random environments. The randomness comes from
a predefined ergodic measure on the space of possible environments. Conditioning
on the environment, the multitype branching process in a random environment
behaves as a multitype branching process in a varying environment. We endow
PNpNN

0 q with the metric of total variation (see [30, p. 260]) and its respective Borel
σ-algebra. Hence, we can speak about random N -dimensional probability measures.
These are random variables taking values in PNpNN

0 q of the form

F “
`

F p1q, . . . , F pNq
˘

,

where the components are the pgfs

F puq
psq :“

ÿ

zPNN
0

F puq
rzssz, u P rN s1. (2.3)

Definition 2.3. A random environment is a sequenceVVV “ pF nqně1 ofN -dimensional
random probability measures taking values in PNpNN

0 q.

Now we introduce multitype branching processes Z in random environments.
First, we consider a random environment VVV “ pF nqně1. For a realization v “
´

f
n

¯

ně1
“

´

pf
p1q
n , . . . , f

pNq
n q

¯

ně1
of VVV, Z evolves as an N -dimensional branching

process in a varying environment. The offspring distribution of a type u P rN s1

individual on the pn ´ 1q-th generation is governed by the distribution f puq
n p¨q.

Definition 2.4 (MBPRE). We say that the process Z “

´

Zn “ pZ
p1q
n , . . . , Z

pNq
n q

¯

nPN0

taking values in NN
0 is a multitype (N-type) branching process in the random en-

vironment VVV “ pF nqně1 (MBPRE) if for each realization v “ pf
n
qně1 of VVV and for

each z0, z1, . . . , zk P NN
0

P
`

Z1 “ z1, . . . , Zk “ zk|Z0 “ z0,VVV “ v
˘

“ Pz0,v
pZ1 “ z1, . . . , Zk “ zkq a.s.,

where Pz,v denotes the probability measure corresponding to the N -type branching
process in varying environment v with initial distribution Z0 “ z. We write P p¨q

and E p¨q for the probabilities and expectations in random environments.

From this it follows that for each realization v “ pf
n
qně1 and z, z0 P NN

0 that

P
`

Zn “ z|Z0 “ z0, Z1 “ z1, . . . , Zn´1 “ zn´1,VVV “ v
˘

“

´

fZn´1

n

¯

rzs a.s. (2.4)

From this, we conclude that

E
`

sZn |Z0 “ z0,VVV “ v
˘

“ f
1
pf

2
p¨ ¨ ¨ pf

n
psqq ¨ ¨ ¨ qq

z0 . (2.5)
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2.1.4 Our assumptions

As mentioned above, from now on we restrict our attention to the case that the en-
vironment is coming from the infinite product of a finite set of bounded distributions
from PNpNN

0 q. More precisely, fix a finite set of distributions
!

f
θ

“ pf
p1q

θ , . . . , f
pNq

θ q

)

θPrLs0

,

satisfying for all θ P rLs0 f θ
P PNpt0, . . . ,MuNq for some M P N. This is the set

of possible values of F n for n P N. In this way, the random environment VVV is a

random variable which takes values in
!

f
i
, i P rLs0

)N
.

It is more convenient to identify the environments with their “code” from rLs0
N,

and refer to the code instead. Namely, we define the map

Φ:
!

f
n
: n P rLs0

)N
Ñ rLs

N
0 “ ΣrLs0 , Φ

´

f
θ1
, f

θ2
, . . .

¯

:“ pθ1, θ2, . . . q.

Definition 2.5. The probability space pΣrLs0 ,A, νq equipped with the shift map σ
is defined as:

(a) ΣrLs0 “ rLsN0 ,

(b) A is the Borel σ-algebra on ΣrLs0 ,

(c) ν :“ Φ˚m, where m is the distribution of VVV. That is, νpHq “ mpΦ´1Hq for
any Borel set H Ă ΣrLs0 ,

(d) and for θθθ “ pθ1, θ2, . . . q P ΣrLs0 , σpθθθq :“ pθ2, θ3, . . . q.

We will refer to an environment as θθθ “ pθ1, θ2, . . . q P ΣrLs0 instead of pf
θ1
, f

θ2
, . . . q,

and we write Znpθθθq for Zn in the environment θθθ.

Principal Assumption I. We always assume that the system pΣrLs0 ,A, σ, νq in
Definition 2.5 is ergodic.

To summarize, in what follows to describe an MBPRE we will use the following
four objects:

• the finite alphabet rLs0,

• the ergodic measure ν on ΣrLs0 , which is the distribution of the random
environment,

• the set of types rN s1 and

• the distributions fu

θ
, for u P rN s1 and θ P rLs0.

2.1.5 Expectation matrices and survival probabilities

The most important quantity that describes the survival of the multitype branching
process in a random environment is the expectation matrix. This is a multidi-
mensional analog of the expected number of level-1 children for Galton–Watson
processes.
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Expectation matrices

The N ˆ N expectation matrix corresponding to a fixed θ P rLs0 is the matrix

Mθpu, vq “
Bf

puq

θ

Bsv
p1q, (2.6)

for u, v P t1, . . . , Nu.
Using the notation of Section 2.1.2,

Mθpu, vq “ EpY
puq

θ pvqq.

From this, by induction it follows for any θθθ “ pθ1, θ2, . . . q P ΣrLs0 and n P N that

E
“

Zn|VVV “ θθθ, Z0 “ z0
‰

“ zT0Mθ1 ¨ ¨ ¨Mθn .

Survival probabilities

Fix θθθ “ pθ1, θ2, . . . q P ΣrLs0 . For every ℓ P N we consider the pgf vector

f
θℓ

psq “

´

f
p1q

θℓ
psq, . . . , f

pNq

θℓ
psq

¯

, where f puq

θℓ
psq “

ÿ

jPNN
0

f
puq

θℓ
rjssj.

Recall for a j “ pj1, . . . , jNq P NN
0 , f puq

θℓ
rjs is the probability that a level ℓ ´ 1

individual of type u gives birth to j1 individuals of type 1, . . . , and jN individuals
of type N simultaneously.

Applying (2.5) to z0 “ ei gives that

E
“

sZn | VVV “ θθθ, Z0 “ eu
‰

“ f
puq

θθθ|n
psq,

where for θθθ “ pθ1, θ2, . . . q, θθθ|n “ pθ1, . . . , θnq: the vector containing the first n
letters of θθθ. This implies that

P
`

Zn “ 0 | VVV “ θθθ, Z0 “ eu
˘

“ f
puq

θθθ|n
p0q “ f

puq

θ1
pf

θ2
˝ ¨ ¨ ¨ ˝ f

θn
p0qq. (2.7)

Let qpuqpθθθq denote the probability that the process starting with one individual
of type-u becomes extinct. Then, set

qpθθθq “ pqp1q
pθθθq, . . . , qpNq

pθθθqq. (2.8)

Furthermore, we denote the level-n extinction probability by

qpuq
n pθθθq “ PpZnpθθθq “ 0 | Z0 “ euq, and q

n
pθθθq “ pqp1q

n pθθθq, . . . , qpNq
n pθθθqq.

By (2.7),
q
n
pθθθq “ f

θθθ|n
p0q

and therefore
qpθθθq “ lim

nÑ8
q
n
pθθθq “ lim

nÑ8
f
θθθ|n

p0q. (2.9)
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2.1.6 Survival of an MBPRE

The following theorem provides conditions for the almost sure extinction and for the
survival of an MBPRE. This theorem appeared in [44, Theorem 4.4], but we only
present the theorem as well as the proof in the case when there are finitely many
environments and the offspring distributions are all bounded. From a technical
perspective, an infinite alphabet does not cause much trouble in statements and
the proofs. However, in order to clarify the presentation, we restrict ourselves to
the finite alphabet case.

For a recent and detailed survey about MBPREs see [63]. We briefly summarize
some of the results on this topic. The results we describe here have been proven in
the general case of an infinite alphabet and with minimal conditions imposed on the
offspring distributions. The extinction problem for MBPREs was investigated in [1,
Theorem 8]. They proved under some conditions that in almost every environment,

λ ă 0 ùñ almost sure extinction, and λ ą 0 (2.10)
ùñ survival with positive probability. (2.11)

Among other things, the statement of [1, Theorem 8] includes the assumption that
for every θ P rLs0 and u, v P rN s1 we have Mθpi, jq ą 0. In the same year in [66]
and later in [59] this assumption was weakened to only required the existence of a k
such that for all θ1, . . . , θk that appears with positive probability, the corresponding
product of the expectation matrices is strictly positive, i.e.

Dk, @θ1, . . . , θk with νpθ1, . . . , θkq ą 0, @u, v : pMθ1 ¨ ¨ ¨Mθkqpu, vq ą 0. (2.12)

Here, ν is the distribution of the environment (see Definition 2.5). We cannot apply
this to the expectation matrices corresponding to integer IFSs since, in this case,
this condition always fails to hold for the random environment obtained by an i.i.d.
sequence if at least one of the matrices is triangular. In this theorem, we weaken
the positivity assumptions. More precisely, we assume that

• each of the expectation matrices is allowable, i.e. it has a strictly positive
element in all its rows and columns, and

• the following holds (c.f. (2.12))

Dk, Dθ1, . . . , θk with νpθ1, . . . , θkq ą 0, @i, j : pMθ1 ¨ ¨ ¨Mθkqpu, vq ą 0.

In what follows, we state Theorem 2.6 showing that, under the weakened positivity
assumptions on the expectation matrices, the positivity of the Lyapunov exponent
guarantees the survival of the process, starting from any initial type. We remark
that the second part of Theorem 2.6 states that if the process survives with positive
probability starting from a given initial type, then the process survives with positive
probability from any initial type. This property appeared in [59] and is of key
importance for establishing the almost sure extinction of the process. Namely,
under this condition, extinction is also controlled by the Lyapunov exponent, as
it is stated in Theorem 2.7, a corollary of [59, Theorem 9.6]. The combination
of Theorem 2.6 and Theorem 2.7 gives the characterization of the survival of the
MBPRE.
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Theorem 2.6. Fix a finite alphabet rLs0 and let ν be the distribution of the
environment: an ergodic measure on pΣrLs0 , σq. Consider the N-type MBPRE
Z “ tZnunPN with offspring distributions tf

θ
uθPrLs0 and corresponding expectation

matrices M “ tMθuθPrLs0. Suppose M “ tMθuθPrLs0 is jointly positively irreducible
with respect to ν. Then,

1. if λpν,Mq ą 0, then

qpθθθq “ pqp1q
pθθθq, . . . , qpNq

pθθθqq ‰ 1 for ν-almost every θθθ P ΣrLs0 .

2. qpθθθq ‰ 1 for ν-almost every θθθ P ΣrLs0 implies that qpθθθq ă 1 for ν-almost every
θθθ P ΣrLs0.

The following theorem is a corollary of a result by Tanny [59]. We formulate it
using a slightly stronger regularity assumption (the second condition below), which
implies Tanny’s original condition.

Theorem 2.7 (Corollary of a result of Tanny [59]). Assume that for the ergodic
measure ν on ΣrLs0 either

• λpν,Mq ă 0, or

• λpν,Mq “ 0 and there exists θ P rLs0 with νprθsq ą 0 satisfying a regularity
condition, that for all u P rN s1: f

puq

θ r0s `
ř

vPrNs1
f

puq

θ revs ă 1.

Then qpθθθq “ 1 for ν-almost every θθθ P ΣrLs0.

Proof. Tanny proved (see [59, Theorem 9.6]) that the assertions of this corollary
hold if a certain condition (called Condition Q in [59]) is satisfied. The fact that
Condition Q holds in our case follows from part p2q of Theorem 2.6.

2.2 The MBPRE corresponding to a substitution
model

In Section 1.7.2 we defined the process Zpuq
n pθθθq, for a fixed θθθ and u P t1, . . . , Nu.

Recall that we described our system as

Zpuq
n pθθθq “ pZpuq

n pθθθqp1q, . . . , Zpuq
n pθθθqpNqq :“

ÿ

vPrNs1

ÿ

iPX v
u,θθθ,n

Y
pvq

i,u,θθθ|n`1
,

for Y pvq

i,θθθ|n`1
which are mutually independent of each other and also of X v

u,θθθ,n. This
description clarifies what we already mentioned in the introduction, that this is
a multitype branching process in a varying environment with initial distribution
Z0 “ eu.

For a fixed ergodic measure ν, we define the corresponding MBPRE Zpuq for each
u P rN s1. This process corresponds to the u-th interval (J puq) of the substitution
random set Λ. Recall for each x P

Ť

uPrNs1
J puq that there exists a coding given by

the index of the basic interval containing x (say u P rN s1) and the L-adic coding
of x “inside” the basic interval J puq (say θθθ). Then, x “ Γpuq ˝ ΠLpθθθq and this coding
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is unique modulo ν. By definition of the process Zpuq, if the process does not die
out in the environment θθθ (for a given realization ω) then x P Λpωq.

The expectation matrices for Z are

Mθ :“
ÿ

hPH

ph ¨ Bh
θ , for θ P rLs0. (2.13)

By Theorem 2.6, if M “ tM0, . . . ,ML´1u is jointly positively irreducible w.r.t. ν
and the Lyapunov exponent (λM,ν) corresponding to the expectation matrices is
positive, then for ν-almost every θθθ P ΣrLs0 the processes Zpuq do not die out with
positive probability (i.e. qpθθθq ‰ 1). Therefore, there is an index u P rN s1 for which
we can find a pΣrLs0 Ă ΣrLs0 with νppΣrLs0q ą 0 such that for all θθθ P pΣrLs0 , we have
qpuqpθθθq ‰ 1. This means that x “ bUL`

ř8

ℓ“1 θℓL
´pℓ´1q will be contained in Λ with

positive probability. Here, we recall from (1.20) that rν “ pΓu ˝ ΠLq˚ν.
To summarize, we have proven the following lemma:

Lemma 2.8. Assume that we have a substitution IFS as defined in the introduction,
with contraction ratio L´1, and an ergodic measure ν on pΣrLs0 , σq. Denote the
basic intervals by J puq, u P rN s1 (see (1.5)) and the expectation matrices by Mθ,
θ P rLs0. Assume that M “ tM0, . . . ,ML´1u is jointly positively irreducible with
respect to ν. Then there exist a set K Ă

Ť

uPrNs1
J puq of positive rν-measure such

that
Ppx P Λq ą 0, for every x P K.

As the below lemma will show, this implies that rνpΛq ą 0 almost surely
conditioned on non-extinction. A version of Lemma 2.9 appeared in [40].

Lemma 2.9. 1. If there exists a set K, of rν-positive measure such that for
x P K: Ppx P Λq ą 0, then

PprνpΛq ą 0q ą 0. (2.14)

2. If for rν almost every x: Ppx P Λq “ 0, then

PprνpΛq ą 0q “ 0. (2.15)

Proof. (2.14) holds if and only if EprνpΛqq ą 0, and (2.15) if and only if EprνpΛqq “ 0.
Observe that

E prν pΛqq “

ż

Ω

rν pΛ pωωωqq dP pωωωq “

ż

Ω

ż

I

11tx P Λ pωωωqudrν pxq dP pωωωq

“

ż

I

ż

Ω

11tx P Λ pωωωqudP pωωωq drν pxq “

ż

I

P px P Λq drν pxq .

The assertion of the first part of the lemma (namely that rνptx : Ppx P Λq ą 0uq ą 0)
implies that EprνpΛqq ą 0. Next, the assertion of the second part rνptx : Ppx P Λq ą

0uq “ 0 implies that EprνpΛqq “ 0.

Combining all of the above gives the proof of the main theorem.

Proof of Theorem 1.8. The first part of the theorem follows by combining Lemma
2.8, Lemma 2.9, and Lemma 1.25 (the 0 ´ 1-lemma for inherited properties on
Galton–Watson trees). The second and third parts again follow by combining
Lemma 2.9 and 2.7.
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2.3 Proof of Theorem 2.6, the survival theorem
In this section we provide the proof of Theorem 2.6. When considering the Lebesgue
measure the most important quantity is the Lyapunov exponent corresponding
to an ergodic measure and a set of jointly positively irreducible matrices. For
the proof, however, we will use a slightly different notion called the column sum
exponent. This is analogous to the Lyapunov exponent, but instead of using a
matrix norm, we consider the minimal column sum. For an N ˆ N matrix B, the
minimal column sum is denoted by p9q

˚
, namely

pBq˚ “ min
vPrNs1

ÿ

uPrNs1

Bpu, vq. (2.16)

By the super-multiplicativity of p¨q˚ for non-negative allowable matrices (namely, if
B1, . . . ,Bn are non-negative and allowable, then pB1 ¨ ¨ ¨Bnq˚ ě pB1q˚ ¨ ¨ ¨ pBnq˚) it
follows that we can define an analog of the Lyapunov exponent for the minimal
column sum. We call this quantity the column-sum exponent. For more details see
Appendix 6.2.

Definition 2.10. The column-sum exponent corresponding to a jointly positively
irreducible set of matrices, B “ tBiuiPrLs0 and an ergodic measure ν is

λ˚ :“ λ˚pν,Bq “ lim
nÑ8

1

n
log

“

pBθθθ|nq˚

‰

for ν-almost every θθθ P ΣrLs0 .

Now, we give conditions under which λ “ λ˚.

Lemma 2.11. Let ν be an ergodic measure on pΣrLs0 , σq. If B “ tBθuθPrLs0 is
jointly positively irreducible, then

λpν,Bq “ λ˚pν,Bq.

The assertion follows from [25, Theorem 2]. For more details see Appendix
6.2.1.

2.3.1 Preparation for the proof of Theorem 2.6 part (1)

Recall
λ “ lim

nÑ8

1

n
log }Mθθθ|n}, for ν almost every θθθ P rLs

N
0 .

By the assumption of the theorem λ ą 0. Then we can choose

0 ă ρ ă 1 such that 1 ă ρeλ. (2.17)

Define the N ˆ N matrices Aθ for θ P rLs0 as

Aθ “ ρMθ. (2.18)

Lemma 2.12. For ν almost every θθθ P ΣrLs0

lim
nÑ8

1

n
log

`

pAθθθ|nq˚

˘

“ logpρq ` λ ą 0.
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Proof. Let

H :“

"

θθθ P ΣrLs0 : lim
nÑ8

1

n
logpMθθθ|nq˚ exists and equals to λ

*

Ă ΣrLs0 . (2.19)

It follows from Lemma 2.11 that νpHq “ 1. Fix θθθ “ pθ1, θ2, . . . q P H. Then from
pAθθθ|nq˚ “ ρnpMθθθ|nq˚ and the definition of ρ, the assertion follows.

Define the set

W :“
␣

pu, v, θq P rN s
2
1 ˆ rLs0 :Mθpu, vq ą 0

(

“
␣

pu, v, θq P rN s
2
1 ˆ rLs0 : Aθpu, vq ą 0

(

.

Then for u P rN s1, θ P rLs0 we define

Wθ,u :“ tv P rN s1 : pu, v, θq P Wu .

For a matrix B let rkpBq and ckpBq denote the k-th row and column vector of
B respectively.

For θ P rLs0, u P rN s1 and s P r0, 1sN let

g
puq

θ psq “ 1 ´ rupAθq ¨ p1 ´ sq, and g
θ
psq “ pg

p1q

θ psq, . . . , g
pNq

θ psqq“1 ´ Aθp1 ´ sq.
(2.20)

This immediately implies that for θ “ pθ1, . . . , θnq P rLsn0 , we have for s P r0, 1sN

g
θ
psq :“ g

θ1
˝ g

θ2
˝ ¨ ¨ ¨ ˝ g

θn
psq “ 1 ´ Aθp1 ´ sq. (2.21)

We will frequently use this result without mentioning it.

Remark 2.13 (The meaning of g
θ

and g
θ
). For θ P rLs0, u P rN s1 consider

tps, f
puq

θ psqq P RN`1 : s P r0, 1sNu the graph of the function f
puq

θ . We denote
the tangent plane of this graph at 1 P RN by

t
puq

θ psq :“ f
puq

θ p1q ´ pf
puq

θ q
1
p1q ¨ p1 ´ sq “ 1 ´ rupMθq ¨ p1 ´ sq, (2.22)

where pf
puq

θ q1p1q “ pB1f
puq

θ p1q, . . . , BNf
puq

θ p1qq denotes the gradient of f puq

θ at 1.
By Taylor’s Theorem, we have that for some t P ts ` t p1 ´ sq , t P p0, 1qu the line
segment connecting s and 1

f
puq

θ psq “ t
puq

θ psq `
1

2
p1 ´ sqT

´

f
puq

θ

¯2

ptqp1 ´ sq,

where
´

f
puq

θ

¯2

p.q denotes the Hessian matrix.

Hence, gpuq

θ psq the analog of tpuq

θ psq using the matrices Aθ instead of Mθ. From
(2.20), it follows that an analogous description can be given for gpuq

θ psq using f puq

θ psq
and Aθ.

For a visual depiction in the N “ 1 case see Figure 2.1c.

Lemma 2.14. If pu, v, θq R W (or equivalently Bf
puq

θ {Bsvp1q “ 0) then for all
t P p0, 1sN

1. Bf
puq

θ {Bsvptq “ 0 and
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2. rvppf
puq

θ q2ptqq=cvppf
puq

θ q2ptqq “ 0.

Proof. Since 2 immediately follows from 1, we only provide details for the first part.
By definition

f
puq

θ ptq :“
ÿ

zPNN
0

f
puq

θ rzstz, t P r0, 1s
N , u P rN s1, θ P rLs0,

hence
Bf

puq

θ

Bsv
ptq “

ÿ

zPNN
0

zv‰0

f
puq

θ rzszvt
zv´1
v

ź

wPrNs1
w‰v

tzww . (2.23)

From
0 “ Bf

puq

θ {Bsvp1q “
ÿ

zPNN
0

f
puq

θ rzszv,

since all the summands are non-negative, we conclude that f puq

θ rzszv “ 0 for all
z P NN

0 , hence the assertion follows.

Let
Bδ :“ ts P r0, 1s

N : }1 ´ s}8 ď δu, (2.24)

where for z “ pz1, . . . , zNq P RN

}z}8 “ max
uPrNs1

|zu|.

Lemma 2.15. There exists a δ ą 0 such that for all θ P rLs0 and s P Bδ,
g
θ
psq ě f

θ
psq.

Proof of Lemma 2.15. Recall from Remark 2.13 that for s P r0, 1sN , θ P rLs0, and
u P rN s1,

f
puq

θ psq “ t
puq

θ psq `
1

2
p1 ´ sqT

´

f
puq

θ

¯2

ptqp1 ´ sq,

g
puq

θ psq “ t
puq

θ psq ` rupMθ ´ Aθqp1 ´ sq,

where tpuq

θ psq “ 1 ´ rupMθq ¨ p1 ´ sq, as stated in (2.22).
Hence, we only have to prove that there exists a δ ą 0 such that for all θ P rLs0

and u P rN s1 and s P Bδ,

p1 ´ sqT
´

f
puq

θ

¯2

ptqp1 ´ sq ď rupMθ ´ Aθqp1 ´ sq.

It follows from Lemma 2.14, that

p1 ´ sqT
´

f
puq

θ

¯2

ptqp1 ´ sq “
ÿ

iPWθ,u

˜

ÿ

wPWθ,k

p1 ´ sqw
B2f

puq

θ

BswBsv
ptq

¸

p1 ´ sqv.

Clearly, rupMθ ´ Aθqp1 ´ sq “
ř

vPWθ,u rupMθ ´ Aθqvp1 ´ sqv. We will show that
ˆ

ř

wPWθ,up1 ´ sqw
B2f

puq

θ

BswBsv
ptq

˙

p1 ´ sqv ď rupMθ ´ Aθqvp1 ´ sqv for all v P rN s1.
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For v P rN s1 either Mθpu, vq “ 0, but then the left-hand side is also 0 by Lemma
2.14, or Mθpu, vq ą 0, in which case choosing any 0 ă δ ă 1 so that

δ ď
p1 ´ ρqminpu,v,θqPWMθpu, vq

2 ¨ N ¨ M
. (2.25)

Let s P Bδ. With this choice 0 ď 1 ´ sw ď δ holds for all θ P rLs0, u P rN s1 and

v, w P Wθ,u. By definition B2f
puq

θ

BswBsv
ptq ď

B2f
puq

θ

BswBsv
p1q for all t P r0, 1sN , hence

ÿ

jPWθ,u

p1 ´ sqw
B2f

puq

θ

BswBsv
ptq ď δ ¨ N ¨ max

j

B2f
puq

θ

BswBsv
p1q ă rupMθ ´ Aθqv.

The second inequality follows from the fact that all distributions are bounded,
hence B2f

puq

θ

BswBsv
p1q ă C, for some uniform constant. On the other hand, by the choice

of the matrix Aθ (see (2.18)), rupMθ ´Aθqv “ p1´ρqMθpu, vq. Therefore it follows
that rupMθ ´ Aθqv ą p1 ´ ρqminpu,v,θqPWMθpu, vq for v P Wθ,k.

Fix the value of δ such that the assertion of Lemma 2.15 holds.
Now we define ψ : r0, 1sN Ñ r0, 1sN such that whenever s P Bδ then ψpsq “ s

but when s R Bδ then ψpsq P Bδ. Namely,

pψpsqqu :“

"

su, if su ě 1 ´ δ;
1 ´ δ, if su ă 1 ´ δ

foru P rN s1. (2.26)

It immediately follows from the definition that the function ψ has the following
monotonicity properties.

Fact 2.16. For all θ P rLs0, u P rN s1 and s, t P r0, 1sN we have

(a) s ď ψpsq, and

(b) for s ď t, ψpsq ď ψptq.

We now define for all u P rN s1, θ P rLs0 and s P r0, 1sN

h
puq

θ psq :“ g
puq

θ pψpsqq and hθpsq :“ ph
p1q

θ psq, . . . , h
pNq

θ psqq.

Here, we recall the definition of gpuq

θ from (2.21).
Let us summarize the important properties of hθpsq. In order to do that, we

require some more notation. Let

W :“ min t1,min tAθpu, vq : pu, v, θq P Wuu . (W)

It follows from the uniform allowability condition together with the choice of the
matrix A (see (2.17)) that W ą 0. Further, let Rptq denote the open ball with
respect to the 1-norm centered at the origin with radius t in RN and RCptq its
complement, namely

Rptq :“ ts P r0, 1s
N : }s} ă tu and RC

ptq :“ ts P r0, 1s
N : }s} ě tu. (2.27)

Lemma 2.17. For any θ P rLs0, u P rN s1 and s ď t P r0, 1sN , the following holds.
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(a) If s P Bδ, we have hθpsq “ g
θ
psq;

(b) hθp1q “ 1;

(c) hθpsq ď hθptq;

(d) For any n P N, θ P rLsn0 , we have that hθpsq ě f
θ
psq;

(e) 0 ď hθpsq;

(f) For any w ą N ´ uδ (u was defined in (W)) if hθpsq P RCpwq, then s P Bδ

and in particular hθpsq “ g
θ
psq.

Proof. (a) follows from the definition of hθ, and (b) immediately follows from (a)
combined with the fact that 1 P Bδ. Part (c) is inherited from the monotonicity
properties (see Lemma 2.16) of ψ and g

θ
. (e) follows from (d), since f

θ
psq ě 0.

(d) We use induction on n. First if n “ 1, then for s P Bδ, hθpsq “ g
θ
psq ě f

θ
psq

by the definition of hθ and the choice of δ (according to Lemma 2.15). For s R Bδ,
hθpsq “ g

θ
pψpsqq on the one hand, g

θ
pψpsqq ě f

θ
pψpsqq ě f

θ
psq and on the other

hand, g
θ
pψpsqq ě g

θ
psq. Here we used that g

θ
and f

θ
are monotone increasing and

that ψpsq ě s. Now suppose θ “ pθ1, . . . , θnq P rLsn0 and that the assumption holds
for θ´

“ pθ1, . . . , θn´1q. Then from the hypothesis and the monotonicity of f
θ
,

hθpsq “ hθ´phθnpsqq ě f
θ´phθnpsqq ě f

θ´pf
θn

psqq “ f
θ
psq.

(f) Assume s R Bδ, then }1 ´ s}8 ą δ, i.e. there exists a v˚ P rN s1 such that
1 ´ sv˚ ą δ, by the definition of ψ, pψpsqqv˚ “ 1 ´ δ. Since Aθ is allowable, there
exists a u˚ such that Aθpu

˚, v˚q ą 0, in particular Aθpu
˚, v˚q ě W . Fix an arbitrary

x ą N ´ uδ. It follows that

x ď }hθpsq} “
ÿ

kPrNs1

h
puq

θ psq “
ÿ

kPrNs1

g
puq

θ pψpsqq “
ÿ

kPrNs1

1 ´
ÿ

jPWθ,k

Aθpk, jqp1 ´ ψpsqjq

ď N ´ Aθpk
˚, j˚

qp1 ´ pψpsqqj˚q ď N ´ uδ ă x,

which is a contradiction.

2.3.2 Proof of Theorem 2.6, part (1)

Now we are ready to prove the first part of our main theorem.

Proof of Theorem 2.6, Part (1). From Lemma 2.12 it follows that there exists a
set H Ă ΣrLs0 with νpHq “ 1 such that for every θθθ there exists a γ ą 1 and an
rN “ rNpθθθq such that for n ą rN

`

Aθθθ|n

˘

˚
ě γn. (2.28)

We fix such a γ ą 1 and rN .
For a vector v P RN analogously to the matrix case, we will use the 1-norm,

that is let }x} :“
ř

iPrNs1
|xi|. We next show that

for all θθθ P H, }qpθθθq} “ lim
nÑ8

}f
θθθ|n

p0q} ă N. (2.29)
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(a) (b) (c)

Figure 2.1

Having established this result, it follows that qpθθθq ‰ 1 for ν-almost every θθθ.
Instead of studying the behavior of f

θθθ|n
p0q directly, we consider hθθθ|n

p0q ě f
θθθ|n

p0q

for n ą rN . By the uniform allowability condition we can choose 0 ă µ ă 1 such
that

µ ď min
uPrNs1,θPrLs0

}cupAθq}.

For the visual explanation of the following part see Figure 2.1a, 2.1b.
or x, y P R define

φxpyq :“ N ´ Nx ` xy, (2.30)

Choose η ă N such that

φ´1
µ pηq ą rc :“ N ´ Wδ, (2.31)

where the value of rc is chosen to satisfy Lemma 2.17 part (f), and W was defined
in (W). Since µ ă 1, there exists an ε ą 0 such that

φµpηq ă φ
rN
µ pηq “: N ´ ε, (2.32)

where φ rN
µ pηq “ φµ ˝ ¨ ¨ ¨ ˝ φµpηq.

Now we fix an m ą rN . Then there are two cases:

(C1) either }hθθθ|m
p0q} ď φµpηq, or

(C2) }hθθθ|m
p0q} ą φµpηq.

First, suppose (C1) holds. Since for all k P rN s1 we have f puq

θ psq ď h
puq

θ psq for any
s P r0, 1sN (by part (d) of Lemma 2.17) and φµpηq ă N ´ ε (see (2.32)), it follows
that

}q
m

pθθθq} “ }f
θθθ|m

p0q} ď φµpηq ă N ´ ε. (2.33)

In the rest of the proof, we assume (C2), namely that

}hθθθ|m
p0q} ą φµpηq. (2.34)

Set θ :“ θθθ|m. In the rest of this section, we always assume that s P r0, 1s
N .
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Lemma 2.18. (i) For all θ P rLs0, k P rN s1, if gpuq

θ psq ě 0, then

}g
θ
psq} ď φµp}s}q.

(ii) For n ą rN and pθ “ θθθ|n, if for all k P rN s1, g
puq

pθ
psq ě 0, then

}g
pθ
psq} ď φγp}s}q.

Proof. We only present the proof of the first statement since the second one can
be proven using the same steps and the fact (see (2.28)) that pA

pθq˚ ě γn ą γ. We
compute:

}g
θ
psq} “ }1 ´ Aθp1 ´ sq} “

N
ÿ

u“1

p1 ´

N
ÿ

v“1

Aθpu, vqp1 ´ svqq

“ N ´

N
ÿ

v“1

N
ÿ

u“1

Aθpu, vqp1 ´ svq “ N ´

N
ÿ

v“1

}cvpAθq}p1 ´ svq

ď N ´ pAθq˚N ` pAθq˚}s} “ N ´ pAθq˚pN ´ }s}q

ď N ´ µpN ´ }s}q “ φµp}s}q.

Now we continue the proof of the first part of Theorem 2.6. Define

T :“
!

p ď m : @k ď p, hθθθmk p0q P RC
pηq

)

,

where θθθmk “ pθk, . . . , θmq and m was fixed earlier in the proof. By our assumption
(2.34) we get that hθθθ|m

p0q P RCpφµpηqq Ă RCpηq, this implies that 1 P T . On the
other hand, Lemma 2.17 (f) and (2.31) together imply that m R T . Namely, by
(2.31), hθmp0q ď rc ă φ´1

µ pηq ă η. That is, hθmp0q P Rpηq. Therefore, m R T . This
does not contradict 1 P T in case of m “ 1, because if m “ 1 then it is not possible
that }hθθθ|1

p0q} ą φµpηq ą N ´ Wδ. In this case by Lemma 2.17 (f) we have that
0 P Bδ, which is not possible since δ ă 1. Therefore 1 ď Q :“ maxT ď m ´ 1.

Let x :“ hθθθmQ`1
p0q. By the definition of Q,

x P Rpηq. (2.35)

Also, hθkphθθθmk`1
p0qq P RCpηq, for any k ď Q, hence by η ą rc and Lemma 2.17 (f) it

follows that for any k ď Q

hθkphθθθmk`1
p0qq “ g

θk
phθθθmk`1

p0qq.

Applying the above repeatedly, we get for any k ď Q

hθθθQk
pvq “ g

θθθQk
pvq. (2.36)

Now we show that Q can not be too large. Intending to obtain a contradiction,
assume that Q ą rN . Note that the second part of Lemma 2.18 applies since, for
k ď Q, it holds that g

θk
“ hθk ě 0 by Lemma 2.17 (e). Now using (2.34), (2.36),
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the second part of Lemma 2.18 together with the assumption Q ą rN , the fact that
γ ą 1, and finally (2.35), we obtain that

φµpηq ă }hθθθm1 p0q} “ }g
θθθQ1

pxq} ď φγp}x}q ď }x} ă η,

which is a contradiction since η ă φµpηq.
Hence, Q ď rN . However, in this case using the first part of Lemma 2.18 rN -times

(again for k ď Q it is true that g
θk

“ hθk ě 0, by Lemma 2.17 (e)), we get that

}hθp0q} “ }g
θθθQ1

pxq} ď φµp}g
θθθQ2

pxq}q ď ¨ ¨ ¨ ď φQ´1
µ p}gθθθQQ

pxq}q

ď φQ
µ p}x}q ď φ

rN
µ pηq “ N ´ ε,

where ε ą 0 was defined in (2.32). This means that (similarly to (2.33)),

}q
m

pθq} “ }f
θ
p0q} ď }hθp0q} ď N ´ ε.

This finishes the treatment of case (C2). It follows that }q
m

pθθθq} ď N ´ ε for all
m ą rN . In this way we have verified that (2.29) holds, which completes the proof
of the first part of Theorem 2.6.

2.3.3 The proof of Theorem 2.6, part (2)

It follows from the joint positive irreducibility assumption of Theorem 2.6 that
there exists a finite word rθ “ prθ1, . . . , rθpq P rLs

p
0 (p P N) such that for rrθs “ tθθθ “

pθ1, θ2, . . . q P ΣrLs0 : θi “ rθi, i ď pu we have νprrθsq ą 0 and further all elements
of M

rθ
:“ M

rθ1
¨ ¨ ¨M

rθp
are strictly positive. From the ergodicity of ν (Principal

Assumption I), it follows that there exists rΣ Ă ΣrLs0 with νprΣq “ 1, such that all
θθθ P rΣ contain rθ as a subword (in some position).

For a u1 P rN s1 we define

Badu1
:“

!

θθθ P rΣ : lim
nÑ8

f
pu1q

θθθ|n
p0q “ 1

)

. (2.37)

Lemma 2.19. Under the conditions of Theorem 2.6, for any u1 P rN s1, we have
that νpBadu1q “ 0.

Proof. Fix an n ě p. Let

An :“
!

θθθ P ΣrLs0 : θθθ|n does not contain the word rθ
)

, then
8
ď

n“p

AC
n “ rΣ.

Hence, it is enough to prove for all n ě p and ε ą 0 that

ν
`

Badu1 X AC
n

˘

ă ε.

Let n and ε ą 0 be arbitrary. Recall that RCptq :“ ts P r0, 1sN : }s} ě tu. By the
assumption limℓÑ8 fθθθ|ℓ

p0q “ qpθθθq ‰ 1 for ν-almost every θθθ, we can choose a δ ą 0

sufficiently small so that for

t :“ Np1 ´ δp´n
˚ q, and Xt :“

!

θθθ P rΣ : lim
ℓÑ8

f
θθθ|ℓ

p0q P RC
ptq

)

, (2.38)

we have νpXtq ă ε, where p˚ “ min
pu,v,θqPW

Mθpu, vq{2.
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Lemma 2.20. Let θ P rLs0, u P rN s1 and 0 ă rδ ă 1. Then for any s P r0, 1sN

if there exists an i P Wθ,u such that si ă 1 ´ rδ ùñ f
puq

θ psq ă 1 ´ p˚
rδ.

Proof. Fix s P r0, 1sN such that sv ă 1 ´ rδ for some v P Wθ,k. Then:

f
puq

θ psq ď f
puq

θ p1 ´ ev
rδq “

ÿ

zPNN
0

f
puq

θ rzsp1 ´ rδqzv ď
ÿ

zPNN
0

zv“0

f
puq

θ rzs

`
ÿ

zPNN
0

zv‰0

f
puq

θ rzsp1 ´ rδq ď 1 ´ rδ
ÿ

zPNN
0

zv‰0

f
puq

θ rzs ă 1 ´ p˚
rδ.

Now, fix θθθ P AC
n

Ş

Badu1 . For an r P N, r ě 2 let

C : “ t u P rN s1 : Dpu2, . . . , unq P rN s
n´1
1 such that

ui P Wθi´1,ui´1 , i P t2, . . . , nu, u P Wθn,un u

“
␣

u P rN s1 :Mθθθ|npu1, uq ą 0
(

Lemma 2.21. C “ rN s1.

Proof of Lemma 2.21. This follows from the fact that all the expectation matrices
are allowable and that θθθ|n contains the word rθ, which implies that Mθθθ|n is a strictly
positive matrix.

Since we assumed that θθθ P Badu1 we can find a K ą n such that

f
pu1q

θθθ|K
p0q ą 1 ´ δ. (2.39)

As before, we write θθθℓj “ pθj, θj`1, . . . , θℓq. For every h ă K let

sh “ pshp1q, . . . , shpNqq :“ f
θθθKh`1

p0q. (2.40)

Then again for h ă K

f
pu1q

θθθ|K
p0q “ f

pu1q

θ1
ps1q, shpℓq “ f

pℓq
θh`1

psh`1q “ f
pℓq
θh`1

pfθθθKh`2
p0qq.

It follows from Lemma 2.20, and formulae (2.39) and (2.40) that for all k2 P Wθ1,u1

we have s1pk2q ą 1 ´ δp´1
˚ . By repeated application of Lemma 2.20 we get that for

the n fixed in the beginning of the proof we have

snpkn`1q ą 1 ´ δp´n
˚ , @pk2, . . . , kn`1q P Cn.

Using this, by Lemma 2.21 we get that snpuq ą 1 ´ δp´n
˚ for all u P rN s1. This

means that
f
θθθKn`1

p0q “ sn P Bδp´n
˚
. (2.41)

Using that f
θ

is component-wise monotone and f
θ
: r0, 1sN Ñ r0, 1sN , we obtain

from (2.41) that
lim

MÑ8
f
θθθMn`1

p0q P Bδp´n
˚

Ă RC
ptq,
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where t was defined in (2.38). That is we have proved that θθθ P AC
n

Ş

Badu1 ùñ

σnθθθ P Xt. In other words we have verified that AC
n X Badu1 Ă σ´nXt, where

for pθ1, θ2, . . . q “ θθθ P ΣrLs0 , σ´1pθθθq “ tpθ, θ1, θ2q; θ P rLs0u. In particular, σ´nθθθ
contains the infinite words for which θθθ is a subword starting starting at index n` 1.
Using that ν is measure preserving, we get that νpAC

n X Badu1q ď νpσ´nXtq “

νpXtq ă ε.

Proof of Theorem 2.6, Part (2). Using that u1 P rN s1 was arbitrary in Lemma
2.19, we get that the second assertion of Theorem 2.6 holds.

2.4 Positive Lebesgue measure, empty interior
In this section, we will consider the following question: Under what conditions
can we guarantee the existence of a parameter interval (of p) such that for any
probability from the interval we have that the random attractor, Λ has positive
Lebesgue measure almost surely, conditioned on non-extinction, but it does not
contain interior points almost surely?

The first step is to determine conditions for the non-existence of interior points
in the attractor. This is connected to the lower spectral radius associated with the
matrices.

Proof of Theorem 1.13. We use a standard argument similar to the one used in [12].
As in the definition of the lower spectral radius (Definition 1.12) for a non-negative
matrix A, we write }A}˚ “ }A} :“

ř

i,j Ai,j. Since qρpMq ă 1, we can choose an
ε ą 0 such that qρpMq ă 1 ´ 2ε. For choice of ε, there exists an rN such that for all
n ą rN ,

qρnpM, } ¨ }q ă p1 ´ εq. (2.42)

Fix m “ rN ` 1. By the previous observation, there exists a θ “ pθ1, . . . , θmq such
that }Mθ1 ¨ ¨ ¨Mθn}

1
n ă p1 ´ εq, and therefore

}Mθ1 ¨ ¨ ¨Mθn} ă p1 ´ εqn. (2.43)

Let θn denote the vector obtained by concatenating θ with itself n times. Then,
lim
nÑ8

}Mθn} “ 0. By the submultiplicativity of the matrix norm it follows that for

any ck “ pc1, . . . , ckq P rLsk0:
lim
nÑ8

›

›Mckθ
n

›

› “ 0. (2.44)

Let ck P rLsk0 be given and write θθθ “ pck, θ, θ, . . . q. Recall that
ř

uPrNs1
Z

puq

k`npθθθq

denotes the number of level k ` n cylinders intersecting
Ť

uPrNs1
J

puq

ckθ
n . Since

E
`

ÿ

uPrNs1

Z
puq

k`npθθθq
˘

“ }Mckθ
n} Ñ 0 as n Ñ 8,

by Markov’s inequality,

P
`

ÿ

uPrNs1

Z
puq

k`npθθθq ě 1
˘

ď E
`

ÿ

uPrNs1

Z
puq

k`npθθθq
˘

Ñ 0 as n Ñ 8.
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In this way the points
ď

uPrNs1

č

ně1

J
puq

ckθ
n

are not contained in Λ with probability one. By varying ck we obtain a countable
dense subset of

Ť

uPrNs1
J puq which is not contained in Λ with probability one.

Therefore Λ almost surely cannot contain an interval.

Proposition 2.22. The following inequality hols:

lim
tÑ´8

P ptq

t
ě logpqρq.

Proof of Proposition 2.22. For all t ă 0 and θ P rLsn0 , we have }Mθ} ě qρnn and
therefore }Mθ}

t ď qρntn . From this

Pnptq “
1

n
logp

ÿ

θPrLsn0

}Mθ}
t
q ď

1

n
logpLn

qρntq “ logpLq ` t logp qρnq,

Taking an infimum in n gives logpLqP ptq{t ą 1{t ` logpqρq, and then taking the
limit as t Ñ ´8 gives the result.

Our next proposition concerns the existence of the parameter interval. In order
to state it, we must first introduce some further concepts.

Definition 2.23 (Eccentricity, Pinching, Twisting). Let B be an N ˆ N real,
invertible matrix with singular values σ1 ě ¨ ¨ ¨ ě σN . The eccentricity of the matrix
is

EccpBq “ min
1ďℓăN

σℓ
σℓ`1

.

The Grassmannian manifold is denoted by Grasspℓ,Nq.
The set of matrices B “ tB0, . . . ,BL´1u of N ˆ N real, invertible matrices is

1. Pinching if there exists a product Bi1 ¨ ¨ ¨Bin , Bij P B with arbitrarily large
eccentricity EccpBi1 ¨ ¨ ¨Binq.

2. Twisting if for any F P Grasspℓ, dq and any finite family G1, ..., GK of elements
of Grasspd ´ ℓ, dq there exists a product pB “ Bi1 ¨ ¨ ¨Bin , Bij P B such that
pBpF q X Gi “ t0u for all i “ 1, . . . , K.

Remark 2.24. By [64, Exercise 8.3] with the above notation and setup:

1. if there is B1 P B whose eigenvalues are all distinct in norm, then B is
pinching;

2. if there exists B1 as above and there exists B2 P B such that B2pV qXW “ t0u

for any pair of B1-invariant subspaces with complementary dimensions, then
B is twisting.

In case of coin tossing systems running on rational projections of carpets these
can be summarized as follows.

Proposition 2.25. Assume that the IFS S is a projection of a 2-dimensional
carpet in a rational direction. Suppose moreover that the following hold:
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1. The matrices tB0, . . . ,BL´1u are jointly positively irreducible with respect to
the uniform measure on ΣrLs0, and they are invertible, pinching and twisting.

2. The number of maps M in the IFS is not a multiple of L, the reciprocal of
the contraction ratio.

Then the interesting parameter interval exists.
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Chapter 3

Interior points in the random
attractor

In the previous section, we proved Theorem 1.13, in which the lower spectral radius
was one way to capture the phenomenon in which “holes appear frequently within
the attractor”. One would expect that the condition given in Theorem 1.13 in
terms of the lower spectral radius is sharp. However, we were not able to prove
this in general. The main reason for this is that the lower spectral radius is stated
using a sub-multiplicative matrix norm (for example the largest column sum),
whereas from a geometric perspective the more meaningful notion again is the
smallest column sum. Hennion’s theorem—which we use in order to prove the
positivity of an ergodic measure—only provides an almost everywhere answer. If
Hennion’s theorem holds everywhere, not just almost everywhere then the lower
spectral radius provides a sharp condition. This is stated in Remark 3.1 below.
This section is devoted to the proof of theorem 1.18 and its corollary for coin
tossing systems stated in 1.19. We further prove an equivalent formulation of the
second assumption of Theorem 1.19 (the version for coin tossing systems), which
makes it easier to use numerical methods for estimating a bound.

Remark 3.1. The condition in Theorem 1.13 is sharp in the following case. If for
the expectation matrices M of an ISSIFS and the coin tossing system it holds that

1 ă qρpMq “ lim
nÑ8

qρn
`

M, p¨q˚

˘

, (3.1)

where pMq˚ is the minimal column sum (pMq˚ “ minj

ř

iMpi, jq) of the matrix
M, then Condition 2 of Theorem 1.19 is satisfied for U “ tp1, . . . , 1qu.

3.1 Proofs

3.1.1 Proof of the Theorem 1.18

We prove the main theorem using the following lemma, which in practice will be
used on the multistep IFS Fn “ tfi “ Si1,...,inuiPrLsn0

for some n P N. The following
lemma is later used for this multistep process, hence the original M,L,N notation
is changed to M,L,N respectively, all other notation remains the same. In this
section single types are denoted by u, v,w since u, v, w are vectors with components
for example uu.
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Lemma 3.2. Consider an ISSIFS F “ tfiuiPrMs1 with contraction ratio 1{L. Let
p “ pphqhPPprMs1q be the distribution for the labelled Galton–Watson tree. As usual
let En denote the retained level n cylinders from rMsn1 and N denote the number
of types J puq the basic intervals for u P rNs1. Let tMβuβPrLs0 For fixed u P rNs1 let
Y puq

n pβq “ p#ti P En : fipJ
pvqq “ J

puq

β uqvPrNs1. For u˚ P NNzt0u, we consider the
random variables

Zpu˚q
n pβq “

N
ÿ

u“1

u˚puq
ÿ

j“1

Y
puq

j,npβq, (3.2)

where Y puq

j,n are jointly independent random variables for j P ru˚
us1 and u P rNs1 with

the same distribution as Y puq
n Suppose that the following hold:

• There exists an h P H with ph ą 0 so that for all β P rLs0 and for all u P U
there exists a v P U with

uTBh
β ě γv. (3.3)

• For all β P rLs0 and for all u P U there exists a v P U with

uTMβ ě γv. (3.4)

Then with positive probability, Zpu˚q
n pβββq survives simultaneously for all βββ P rLsN0 .

Equivalently, Ppt@n P N, @β P rLsn0 : Zpu˚q
n pβq ą 0uq ą 0.

Proof of Theorem 1.18 assuming Lemma 3.2. Firstly, not having an interior point
is an inherited property. Therefore, it is enough to prove that the random attractor
contains an interval with positive probability and from this the statement follows
by Lemma 1.25.

(A) Proving PpJ
pwq

θ˚ Ă Λq ą 0. We shall show that

Pp@n ě 0, @θ P rLs
n
0 : Z

pwq

S˚`npθ˚θq ę 0q ą 0. (3.5)

First, combining the first assumption of the Theorem and the second assumption
with Lemma 3.2,

Pp@n P N, @θ P rLs
n
0 : Zpwq

pθ˚θq ę 0q

ě Pp@n P N, @θ P rLs
n
0 : Zpwq

pθ˚θq ğ 0 | Zpwq
pθ˚

q ě u˚
qPpZpwq

pθ˚
q ě u˚

q.

From the first assumption it follows that PpZpwqpθ˚
q ě u˚q ą 0. For the first part

Pp@n P N, @θ P rLs
n
0 : Zpwq

pθ˚θq ę 0 | Zpwq
pθ˚

q ě u˚
q

ě Pp@n P N, @θ P rLs
n
0 : Zpu˚q

pθq ę 0q,

which follows from statistical self-similarity, observing that the process starting in
each retained cylinder is independent with the same distribution as the original.

(A/ii) Multistep processes and connection to Lemma 3.2 The event
t@n P N, @θ P rLsn0 : Zpu˚qpθq ğ 0u is equivalent to the following: for some fixed
R P N, t@n P N, @θ P rLsRn

0 : Zpu˚qpθq ğ 0u.
This is because the former event requires survival at every level, and in particular

requires survival along the subsequence of levels Rn, so it suffices to prove the
corresponding statement by only considering generations which are a multiple of R.
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Choose R P N so that the assumptions in 2. of Theorem 1.18 are satisfied.
We consider the R-th composition IFS F “ tfi “ Si1...iR , pi1, . . . , iRq P rM sR1 u.
We further consider the R-th step substitution model: for any h Ă rM sR1 let
rph “ PpER “ hq. The original basic intervals do not satisfy the assumptions for the
R-composition IFS; however, their Lr rescaled version does, and therefore we have
the same types in this case. Denote the process corresponding to this R-composition
IFS and multistep process starting with one type u individual rZ

peuq
n pβq. We will

consider

rZpu˚q
n pβq “

N
ÿ

v“1

u˚pvq
ÿ

ℓpvq“1

p rZpevq
n pβqqℓpvq, (3.6)

where for v P rN s1, ℓpvq “ 1, . . . , u˚pvq are jointly independent processes and are
distributed according to the corresponding rZ

pevq
n pβq.

The event t@n P N, @β P rLsRn
0 : Zpu˚qpβq ğ 0u is equivalent with the survival

of the above defined process simultaneously for all βββ P rLRsN. The process survives
with positive probability by Lemma 3.2. The assumptions are satisfied by the
second assumption of Theorem 1.18.

Thus, assuming Lemma 3.2, we have finished the proof of Theorem 1.18.

We use a standard method to prove Lemma 3.2, the main ideas already appeared
for example in [17, 49]. The main technical tool is to use large deviation theory to
prove exponential growth of cylinders simultaneously for all position.

We denote Zpβq “ Zpu˚q
n pβq. For β P rLsn0 we define

Anpβq :“
␣

Zpβq ę 0
(

and An :“
č

βPrLsn0

Anpβq.

Fix 1 ă η ă γ and let

Bnpβq :“ t@1 ď k ď n Du P U : Zpβ|kq ě ηkuu and Bn :“
č

βPrLsn

Bnpβq. (3.7)

Note that it suffices to prove that Pp
Ş

nBnq ą 0, since Pp
Ş

nAnq ą 0 implies
the conclusion of Lemma 3.2, and Pp

Ş

nBnq ą 0 implies Pp
Ş

nAnq ą 0. Since
pBnqnPN is an increasing sequence of events,

P

˜

č

n

Bn

¸

“ lim
nÑ8

PpBnq “ PpBℓq lim
nÑ8

n
ź

k“ℓ

PpBk | Bk´1q. (3.8)

Lemma 3.3. Under the assumptions of Lemma 3.2 for every ℓ P N, PpBℓq ą 0.

Lemma 3.4. Under the assumptions of Lemma 3.2 there exists an ℓ P N such that

lim
nÑ8

n
ź

k“ℓ

PpBk | Bk´1q ą 0. (3.9)

Proof of Lemma 3.2 assuming Lemma 3.3 and 3.4. The conclusion of Lemma 3.2
follows from PpXAnq ą 0, which follows from PpXBnq ą 0. From (3.8) assuming
Lemma 3.3 and 3.4 we conclude that PpXBnq ą 0.
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Proof of Lemma 3.3. This follows from the first assumption of Lemma 3.2. For
each retained node of the Galton–Watson tree, choose h P H which satisfies (3.3).
This happens with positive probability for each finite ℓ. Then for all ω P Ω with
this property, we have for all 1 ď i ď ℓ and for all β P rLsi0 that

Zpβq “ pu˚
q
TBhi

β ě γiv, (3.10)

for some v.

Before we prove Lemma 3.4, we state an auxiliary lemma: Lemma 3.5. We
remark that the only technical proof appearing in this section if the proof of Lemma
3.5 which we defer to the end of this section.

Lemma 3.5. There exists a 0 ă δ ă 1 such that for all k ě 0:

PpBk | Bk´1q ď N2Lkδη
k´1

.

Proof of Lemma 3.4 assuming Lemma 3.5. For any ℓ

lim
nÑ8

n
ź

k“ℓ`1

PpBk | Bk´1q ě lim
nÑ8

n
ź

k“ℓ`1

´

1 ´ N2Lkδη
k´1

¯

,

by Lemma 3.5. We can choose ℓ in such a way that the product converges to a
non-zero number, which concludes the proof of Lemma 3.4.

Proof of Lemma 3.5. The proof lies in the observation that for a fixed β as above,
conditioned on Zpβ´

q the number of level k individuals (the elements of the vector
Zpβq) can be written as a sum of independent random variables which are also
independent of Zpβ1

q for any β1
P rLs

k´1
0 .

I. Decomposition of the event, union bound.

PpBk|Bk´1q “ PptD1 ď ℓ ď k, Dβ P rLs
ℓ
0, @u P U : Zpβq ğ ηℓuu|Bk´1q

“ PptDβ P rLs
k
0, @u P U Zpβq :ğ ηkuu|Bk´1q

ď
ÿ

βPrLsk0

Ppt@u P U : Zpβ´
qpvq ğ ηkuu|Bk´1q.

The first equality is the definition on Bk, the second one follows from the meaning
of the condition Bk´1 (that the event can’t happen for ℓ ă k) and the last inequality
is the union bound.

II. Decomposition to sum of independent random variables.

Fix an arbitrary β P rLsk0, and w P rNs1. Consider Ppt@u P U : Zpβq ğ ηkuu|Bk´1q.
Similarly to (2.2)

Zpβqpwq
d
“

ÿ

vPrNs1

Zpβ´qpvq
ÿ

j“1

Y
pvq

j pβk, vqpwq,
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where the random variables Yjpβk, vqpwq are independent, and has the same distribu-
tion as Zpvq

1 pβkqpwq and are independent of Zpβ´
qpvq for all v P rNs1 and β1

P rLs
k´1
0

(including β´). Recall that Bk´1 “ t@ℓ ď k ´ 1, @β P rLsℓ0 Du P U : Zpβq ą ηℓuu,
hence conditioned on Bk´1 for some pv1, . . . , vNq “ v P U , we have that

Zpβqpwq
d
“

ÿ

vPrNs1

Zpβ´qpvq
ÿ

j“1

Yjpβk, vqpwq ě
ÿ

vPrNs1
vv‰0

rηk´1vvs
ÿ

j“1

Yjpβk, vqpwq. (3.11)

For this v and β
k

(by the second assumption of the theorem) there exists (at least
one) ru such that

ηk´1vTMβk
ě ηk´1γruT , (3.12)

hence we examine

P
´

t@u P U Zpβq ğ ηkuu | Bk´1

¯

ď P
´

tZpβq ğ ηkruT u | Bk´1

¯

ď
ÿ

wPrNs1
ruw‰0

P
´

tZpβqpwq ă ηkruwu | Bk´1

¯

ď
ÿ

wPrNs1
ruw‰0

P
´!

ÿ

vPrNs1
vv‰0

rηk´1vvs
ÿ

k“1

Yjpβk, vqpwq ă ηkruw

)

| Bk´1

¯

“
ÿ

wPrNs1
ruw‰0

P
´!

ÿ

vPrNs1
vv‰0

rηk´1vvs
ÿ

j“1

Yjpβk, vqpwq ă ηkruw

)¯

.

The second inequality follows from the definition of ğ and the union bound, the
third is from (3.11), and the last inequality is the consequence of the independence
of the summands from the condition. Now for w such that ruw ‰ 0 we consider the
event

Dw “

"

ÿ

vPrNs1
vv‰0

rηk´1vvs
ÿ

j“1

Yjpβk, vqpwq ă ηkruw

*

.

Since

EpYjpβk, vqpwqq “ Mβk
pv,wq,

and
ÿ

vPrNs1
vv‰0

1

γ
vvMβ

k
pv,wq ě ruw,

it follows that

Dw Ă

"

ÿ

vPrNs1
vv‰0

rηk´1vvs
ÿ

j“1

Yjpβk, vqpwq ď ηk
ÿ

vPrNs1
vv‰0

1

γ
vvMβk

pv,wq

*

Ă
ď

vPrNs1
vvMβk

pv,wq‰0

" rηk´1vvs
ÿ

j“1

Yjpβk, vqpwq ď ηk
1

γ
vvMβk

pv,wq

*

.
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Therefore,

ÿ

wPrNs1
ruw‰0

P
`

t
ÿ

vPrNs1
vv‰0

rηk´1vvs
ÿ

j“1

Yjpβk, vqpwq ă ηkruwu
˘

ď
ÿ

wPrNs1
ruw‰0

ÿ

vPrNs1
vvMβk

pv,wq
‰0

P
`

t

rηk´1vvs
ÿ

j“1

Yjpβk, vqpwq ď ηk´1vv
η

γ
Mβk

pv,wqu
˘

.

III. Large deviation bound
The summands here are i.i.d random variables with expectation 0 ă Mβk

pv,wq,
and since η ă γ, we have η

γ
Mβk

pv,wq ă EpZ
pvq

j pwqq, hence we can use the large
deviation lemma (Lemma 1.26), to get that there exists a

0 ă δ “ max
βPrLs0,
v,wPrNs1

δpβ, v,wq ă 1, (3.13)

such that

P

¨

˝t

rηk´1vvs
ÿ

j“1

Z
pvq

j pwq ď ηn´1vv
η

γ
Mβk

pv,wqu

˛

‚ď δpβk, v,wq
ηk´1vv

ď δη
n´1

,

where the last inequality follows from the fact, that vv ě 1 whenever vv ‰ 0.
Then

ÿ

wPrNs1
ruw‰0

ÿ

vPrNs1
vvMβk

pv,wq
‰0

P
`

t

rηk´1vvs
ÿ

j“1

Yjpβk, vqpwq ď ηk´1vv
η

γ
Mβk

pv,wqu
˘

ď N2δη
k´1

,

from which we get that

P
`

Bk|Bk´1

˘

ď LkN2δη
k´1

.

Proof of Remark 3.1. If (3.1) holds, it means, that there exists an n such that for
all θ P rLsn0 we have

eTMθ ě αeT , (3.14)
for some α ą 1. In this case the assumptions of Theorem 1.19 are satisfied.

3.1.2 Proof of theorem for coin tossing systems

Theorem 1.19 follows from Theorem 1.18. To see this, in case of the coin tossing
system, at every finite level with small but strictly positive probability all cylinders
are retained, and the random system looks like the deterministic up to the fixed
finite level. Therefore, the first assumption of 1.19 implies the first assumption of
1.18. Similarly, the second assumption is satisfied since Bθ is element-wise greater
or equal to Mθ for all θ P rLs˚

0 .
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3.1.3 Numerical estimations of the lower bound

This section presents a practical equivalence to numerically estimate a lower bound
on the probability required for the random attractor to almost surely contain an
interval, conditioned on non-extinction.

Proof of a practical equivalence

For the calculations using the program Wolfram Mathematica, we used the following
variant of the second condition of Theorem 1.19.

Definition 3.6 (Condition 2˚). There exists a γ1 ą 1 and a level S 1 such that for
all θ P rLsS

1

0 there exists a non-negative, |U | ˆ |U | matrix Aθ with all row sums
greater than γ1 (i.e. for all i P r|U |s

ř

kPr|U |s
Aθpi, kq ą γ1 ą 1). Assume that for this

Aθ,
UMθθθ ě AθθθU, (3.15)

where U is the |U | ˆ N matrix having row vectors uTi for i “ 1, . . . ,m.

Lemma 3.7. Condition 2 and Condition 2˚ are equivalent (the parameters γ and
S might differ).

Proof of Lemma 3.7. It is easy to see that Condition 2˚ implies Condition 2, since
assuming condition 2˚ the matrix Aθ has exactly one positive element in each row.

Condition 2˚ can be rephrased in the following way: Suppose that there exists
a level S such that for all θ P rLsS

1

0 there exists a non-negative |U | ˆ |U | matrix Aθ

such that every row of Aθ contains exactly one element which element is greater
than γ. To prove that 2 implies 2˚, choose S so that γ1S{|U | ą γ. Then, since the
smallest column sum of a product of matrices is greater than the product of the
smallest column sums (see Fact 2.17), for any θ “ β

1
. . . β

S
P rLsS

1¨S
0 :

UMθ ě Aβ
1
UMβ

2
. . .Mβ

S
ě Aβ

1
. . .Aβ

S
U. (3.16)

Since all row sums of Aθi
are greater than γ1 it follows that the product has all

row sums greater than γ1S from which it follows that each row has at least one
element which is greater than γ1S{|U | ą γ by the choice of S 1. This proves 2˚, as
required.
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Chapter 4

Dimension theory of substitution
IFSs with overlaps

4.1 Dimension theory of random self-similar sets
We begin this chapter with a brief historical overview of the dimension theory of
certain statistically self-similar sets. Our starting point is the dimension formula for
boundaries of Galton–Watson trees, established by Hawkes in 1981 [24]. His result
can also be used to determine the dimension of certain statistically self-similar sets
obtained by projecting the Galton–Watson tree to the attractor of a self-similar
IFS, as described in Section 1.4. In order for this result to be applicable, the IFS
has to be homogeneous and has to satisfy a relatively strong separation condition.
From the perspective of this thesis, the most important family of IFSs that satisfy
these is the one defining a d-dimensional carpet. Let Z denote the offspring random
variable of the Galton–Watson tree. Then for a random carpet with contraction
1{L,

dimΛ “
logpErZsq

logpLq
(4.1)

almost surely conditioned on non-extinction. We note that the dimension formula
follows from the formula in more general constructions, such as the ones appearing
in the work of Falconer [14] or of Mauldin and Williams [38]. For an exposition,
see [31, Chapter 15].

In [9, 15], the authors further permit exact overlaps in the first level cylinders
of the deterministic IFS. These IFSs can be viewed as projections of carpets onto
coordinate subspaces. The dimension formula is already much more complicated in
these cases.

Consider a d-dimensional carpet with contraction ratio 1{L, and let proj denote
the projection to the k-dimensional subspace spanned by the first k coordinate
vectors. The projected set is contained in

ŤLk´1
i“0 Di, where each Di is a closed L-

adic cube in dimension k. The “expected column sums” are given by mi :“ Ep#E i
1q,

where E i
1 “ tj P E1 : projpSjpr0, 1sdqq “ Diu, for i P t0, . . . , Lk ´ 1u.

For simplicity, we assume that k “ 1 and mi ą 0 for all i P rLs0. In this case,
the formula for the almost sure dimension is given by

dimHpprojpΛqq “ inf
tPr0,1s

logp
řL´1

i“0 m
t
iq

logpLq
. (4.2)
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We assume that not all the mi are equal. In this case, the function ϕptq “
řL

i“1m
t
i is strictly convex and continuous. It has a unique minimum somewhere

in r´8,8s. If the minimum is attained in r´8, 0s, the dimension is the ambient
dimension (in this case 1). If it is attained in r1,8s, the almost sure dimension
is the dimension of the original set. Otherwise, the minimum is strictly less than
ϕp1q; hence the dimension drops.

In this section, we will show that an analogous statement holds for random-
ized integer self-similar IFSs (see Section 1.3.1) as well. The matrix analogue of
logp

řL
i“1m

t
iq is given by the pressure function, introduced in (1.21) in Section 1.8.2.

4.2 Preliminaries
Let Z be the offspring random variable of the underlying Galton–Watson tree. In
what follows, the quantity

dimSpΛq “
logpErZsq

logpLq
(4.3)

is called the expected similarity dimension or the similarity dimension of the random
system. We recall the definition of the pressure function.

Definition 4.1. Let M0, . . . ,ML´1 be non-negative allowable matrices that form
a strictly positive product. Then the pressure function corresponding to M “

tM0, . . . ,ML´1u is

P ptq :“ lim
nÑ8

1

n
log

¨

˝

ÿ

θPrLsn0

}Mθ}
t

˛

‚.

Throughout this section, we use the metric dpi, iq “ 0 and dpi, jq “ L´|i^j| for
i ‰ j on the symbolic space ΣrLs0 . Here |i ^ j| is the length of the common prefix
of i and j, i.e. the largest n ě 0 such that ik “ jk for all k ď n. The relevant
properties of the pressure function P ptq are collected by Bárány and Rams in [2],
and were originally proven by Feng in [19] and Feng and Lau in [20].

Lemma 4.2. The key properties for us are the following:

• The limit exists for all t.

• The pressure function is convex.

• The pressure function is continuously differentiable for all t ą 0.

Remark 4.3. Note that in [2] the pressure function is normalized by dividing by
the constant logpLq. We omit this normalization.

Another important quantity is the Lyapunov exponent with respect to the
uniform measure on rLsN0 . Recall that the Lyapunov exponent is defined as

λ “ lim
nÑ8

1

n

ÿ

θPrLsn0

1

Ln
logp}Mθ}q.

In [2], it is further proved that limtÑ0` P
1ptq “ λ; we reproduce the proof in

Lemma 4.5. Throughout this section, we will require the following key lemma
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which was originally proved in [20] by Feng and Lau. The lemma appeared in a
similar form in [2] without proof. For the convenience of the reader, we present the
proof in Appendix 6.4.

Lemma 4.4 (Lemma 4.5 in [2]). For every t ą 0, there is a unique ergodic, left-
shift-invariant Gibbs measure µt on ΣrLs0 with the following properties: There exists
a C ą 0 such that for any θθθ “ pθ1, θ2, . . . q P ΣrLs0, n P N:

C´1
ď

µt prθθθ|nsq

}Mθθθ|n}t expp´nP ptqq
ď C, (4.4)

dimH µt “
´tP 1ptq ` P ptq

logpLq
, (4.5)

and
lim
nÑ8

log }Mθθθ|n}

n
“ P 1

ptq for µt-almost every θθθ P ΣrLs0 . (4.6)

The value appearing in (4.6), that is, the µt-almost sure value of

lim
nÑ8

logp}Mθθθ|n}q

n

is denoted by λpµtq and is called the Lyapunov exponent with respect to the ergodic
measure µt.

Lemma 4.5 (Bárány–Rams, proof of Lemma 4.9). The pressure satisfies limtÑ0` P
1ptq “

λ.

Proof. 1. limtÑ0` P
1ptq ď λ: From the construction of µt (see Appendix 6.4) we

know that µt converges weakly to the uniform measure on rLsN0 . From this,
it follows that for any fixed rn ě 0

lim
tÑ0`

P 1
ptq “ lim

tÑ0`
inf
ně0

1

n

ÿ

θPrLsn0

µtpθq log }Mθ}

ď lim
tÑ0`

1

rn

ÿ

θPrLsrn0

µtpθq log }Mθ}

“
1

rn

ÿ

θPrLsrn0

1

Lrn
log }Mθ}

Since this holds for all rn P N, it also holds in the limit as rn Ñ 8. This proves
the upper bound.

2. limtÑ0` P
1ptq ě λ: This follows from the fact that

dimH

"

θθθ P ΣrLs0 : lim
nÑ8

logp}Mθθθ|n}q

n
“ λ

*

“ inf
tPR

"

´tλ ` P ptq

logpLq

*

.

For p1{L, . . . , 1{LqN-almost every θθθ P ΣrLs0

lim
nÑ8

logp}Mθθθ|n}q

n
“ λ.

70



By the mass distribution principle,

dimH

"

θθθ P ΣrLs0 : lim
nÑ8

logp}Mθθθ|n}q

n
“ λ

*

ě 1. (4.7)

Therefore, logpLq ď p´tλ ` P ptqq for all t P R. It is easy to see that
P p0q “ logpLq, so P p0q ě P ptq ´ tP 1ptq by the convexity of P ptq. Combining
these two inequalities gives the desired result.

Another important value (other than λ) is η :“ P 1p1q. From convexity and the
above lemma, it follows that λ ď η, and therefore we have the following “phases”:

(PH1) λ ą 0 in which case the random attractor has positive Lebesgue measure,
consequently, its dimension equals 1,

(PH2) λ “ 0 and η ą 0,

(PH3) λ “ 0 and η “ 0,

(PH4) λ ă 0 and η ą 0,

(PH5) λ ă 0 and η “ 0,

(PH6) λ ă 0 and η ă 0.

4.3 Meaning and implications of Theorem 1.23
In the case where λ ě 0, the infimum is attained at t “ 0. In this case, the
dimension is the ambient dimension. If η ď 0, the infimum is attained at t “ 1,
hence the dimension is P p1q{ logpLq “ log p

ř

hPH ph ¨ #hq { logpLq, which is the
expected similarity dimension of the IFS. In phase (PH4), the dimension of the
random attractor drops from the expected similarity dimension, since P 1p1q ą 0
implies that there exists a t P p0, 1q such that P ptq ă P p1q. Heuristically, the only
way for the dimension to be the ambient dimension, while the Lebesgue measure
of the random attractor is zero, is when λ “ 0. For coin tossing systems, λ “ 0
implies that the Lebesgue measure is zero. This is made precise in the following
lemma. In fact, it is known that this can only happen for a single value of the
parameter p.

Lemma 4.6. If the Lebesgue measure of the random attractor is almost surely zero,
then λ ď 0. If λ ă 0, the dimension is strictly smaller than the ambient dimension.
For coin tossing systems, LebpΛq “ 0 holds if and only if λ ď 0.

Proof. The first part follows from Theorem 1.8. For the second part, if λ ă 0, the
infimum of P ptq cannot be attained at t “ 0 since limtÑ0` P

1ptq “ λ ă 0. Therefore,
the infimum is attained at some t P p0, 1s, which implies that the dimension is
strictly smaller than the ambient dimension.

The final result concerning coin tossing systems follows from Condition 1.6
combined with Theorem 1.8.
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Figure 4.1: Some forms of spatial homogeneity

Remark 4.7 (Existence and non-existence of the different phases for coin-tossing
models). We begin with the non-existence of certain phase transitions in case of the
coin tossing models. The key components are the N ˆ N matrices B0, . . . ,BL´1

which describe the deterministic IFS (consisting of M maps with contraction ratio
1{L), along with the probability parameter p. If a certain spatial homogeneity
is present (see, for example, Figure 4.1 for three examples including Mandelbrot
percolation), it can happen that all column sums equal some K. Consequently,
every column sum of every n-fold products is Kn, so the pressure function is given
by the formula

P ptq “ t logppq ` lim
nÑ8

1

n
log

¨

˝

ÿ

θPrLsn0

}Bθ}
t

˛

‚“ logpLq ` t logpKpq,

which is a straight line. The derivatives λ and η are both greater than 0 (phase (PH1))
if logpKpq ą 0, or equal to 0 (phase (PH3)) if logpKpq “ 0, or less than 0 if
logpKpq ă 0. These conditions are equivalent to having similarity dimension
logpMpq{ logpLq greater than, or equal to, or less than 1, respectively. This follows
since the number of maps is M “ K ¨ L. To summarize, as p increases from 1{M
to 1, the model goes through phases (PH6), (PH3), and (PH1).

Next, we recall certain conditions proven by Bárány and Rams in [2] that
guarantee that the pressure is not a straight line. Assume that the IFS in question
is a projection of a two dimension carpet, satisfying the inhomogeneity assumption
that L does not divide M , and the deterministic attractor is an interval. Then
the pressure function pP ptq corresponding to the matrices B0, . . . ,BL´1 satisfies
the following properties: 0 ď pλ :“ limtÑ0`

pP 1ptq ă pP 1p1q “ pη ď logpMq and
pP 1p1q ą logpM{Lq. In this case, phase (PH3) is not possible.
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1. if p ą expp´pλq, we are in phase (PH1), (and in (PH2) in case of equality),
and

2. if expp´pηq ď p ď expp´pλq we are in phase (PH2), (PH4) or (PH5) depending
on the strictness of the inequalities, and

3. if expp´pηq ą p, then we are in phase (PH6).

We can choose p such that firstly p ă L{M (such that dimSpΛq ă 1), and simul-
taneously satisfying expp´pηq ă p ă expp´pλq, in which case dimH Λ ă dimS Λ.

Remark 4.8 (Heuristic explanation of the phases). By [19, Theorem 1.1], for α ą 0

dimH

"

θθθ P rLs
N
0 : lim

nÑ8

logp}Mθθθ|n}q

n
“ α

*

“ inf
tPR

"

´tα ` P ptq

logpLq

*

. (4.8)

The first phase occurs when limtÑ0` P
1ptq “ λ ą 0. It follows from convexity of

P ptq that for λ and for all t the inequality
!

´tλ`P ptq
logpLq

)

ě 1 holds. Hence, there is a
1-dimensional set of points inside the deterministic attractor where, in expectation,
the corresponding fibers intersect exponentially many cylinders (that is, the number
of cylinders grows exponentially with exponent λ ą 0 in expectation).

If λ ă 0 but η ą 0, then inftPR P ptq “ inftPr0,1s P ptq. We are interested in
dimHtθθθ P rLsN0 : limnÑ8

logp}Mθθθ|n}q

n
ą 0u. This is the dimension of the set of points

(on the line, inside the deterministic attractor), where the corresponding fibers
intersect exponentially many cylinders, with some positive exponent. For any
P 1p1q ą ε ą 0:

dimH

"

θθθ P rLs
N
0 : lim

nÑ8

logp}Mθθθ|n}q

n
“ ε

*

“ inf
tPR

"

´tε ` P ptq

logpLq

*

ě inf
tPr0,1s

P ptq ´ ε

logpLq
.

Thus, the dimension of the set of points where the corresponding fibers intersect
exponentially many cylinders with some positive exponent is greater than or equal
to inftPr0,1s P ptq. The dimension of the set of “large fibers” is lower bounded by
inftPr0,1s P ptq, which gives a heuristic for the lower bound of the dimension.

In phase (PH6), where η ă 0, the global infimum of P is attained outside the
interval r0, 1s. According to the dimension formula (1.23) of Theorem 1.23, the
dimension of the random set is the similarity dimension. However, the dimension
of the set of points where the corresponding fibers intersect exponentially many
cylinders (in expectation) is strictly less than the similarity dimension.

4.4 Proof of Theorem 1.23
We start this section with two preliminary statements, which we will use in the
proofs.

Lemma 4.9 ([62, Theorem 3.5]). dimHpΛq “ dimBpΛq “ dimP pΛq almost surely.

We note that Lemma 4.9 was proven by Sascha Troscheit for more general
(graph directed) systems.

Lemma 4.10. dimHpΛq is constant almost surely conditioned on non-extinction.
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Proof. This follows from the fact that having zero s-dimensional Hausdorff measure
for any s is an inherited property (see Section 4.2).

We prove the upper and lower bounds separately. The proof has the same
structure and follows similar ideas as can be found in [9, 15]. The proof of the
upper bound is essentially a combination of the proofs for similar statements in
those two papers, with minor modifications to fit the matrix setting.

In [9, 15], three possible cases are identified for the proof of the lower bound.
(These cases correspond to the phases defined in the end of Section 4.2.) Let
t0 P r´8,8s denote the unique point where ϕptq “

řL
i“1m

t
i attains its infimum.

Based on this, the three cases depend on the value of t0: either t0 ă 0, or t0 P r0, 1s,
or t0 ą 1. In [9], these three cases are shown to be equivalent to a certain
branching process in a random environment being supercritical, subcritical, or
strongly subcritical, respectively. Let Zn denote the branching process in a random
environment. In the supercritical case, PpZn ą 0q Ñ 1´q, and in the subcritical and
strongly subcritical cases, PpZn ą 0q Ñ 0. For the latter, the crucial factor, from
the perspective of the dimension of the set, is the exponential rate of convergence
to 0. In the strongly subcritical case, the convergence rate is EpZ1q, whereas in the
subcritical case, the rate is strictly smaller. The dimension is given by the rate of
convergence in the subcritical and strongly subcritical cases; this is discussed in [8].

Heuristically, in the supercritical and subcritical regimes, the dimension is dom-
inated by environments with large expectations (recall Section 1.7), corresponding
to ’surviving slices.’ (We mention that in these regimes the dimension of the set is
strictly smaller than the similarity dimension.)

In the strongly subcritical case, however, such favorable environments are too
sparse. Instead, the dimension is driven by environments with small expectations.
Although these individual slices are expected to die out, their vast multiplicity
ensures that with positive probability, a uniform ratio of them survives, aligning
with the overall expectation. (The dimension agrees with the similarity dimension.)
Falconer gives more compact arguments in the proof in [15], which is more focused
only on geometry. In the super- and subcritical cases the proof of survival of “large”
columns is done with large deviations theory and the law of large numbers, and
for the strongly subcritical case, similarly, the rate of convergence of PpZn ą 0q is
studied.

In the complicated overlap case, studied in this dissertation, one must consider
multitype branching processes in random environments rather than single-type
ones. This causes technical difficulties when trying to replicate such proofs entirely,
especially in the strongly subcritical case. Generally speaking, we will follow the
structure of the proofs appearing in [9, 15], but we will of course deviate from them
when necessary.

4.4.1 Proof of the upper bound

For the upper bound, we count the number of level-n L-adic cubes required to
cover the retained level-n cylinders.

Throughout this section, we condition on the event of non-extinction of the
process #En. Let Y “ pY0, Y1, . . . q be a sequence of random variables counting the
level-n L-adic intervals intersecting Λn, which is the n-th level approximation of
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the random set. Namely,

Y0 :“ 1

Yn :“ #tua P rN s1 ˆ rLs
n
0 : J puq

a X Λn ‰ Hu.

With this notation,

dimBpΛq ď lim sup
nÑ8

logpYnq

n logpLq
. (4.9)

The proof has two main structural parts:

lim sup
nÑ8

logpYnq

n
ď sup

n

logpErYnsq

n
“ lim

nÑ8

logpErYnsq

n
, (4.10)

where the inequality holds almost surely, and

lim
nÑ8

logpErYnsq

n
ď inf

tPr0,1s
P ptq. (4.11)

We will see that the equality of (4.10) is a consequence of Fekete’s Superadditive
Lemma. The inequality of 4.10 will follow using Markov’s inequality and the Borel–
Cantelli Lemma.

Proof of equation (4.10)

Let us recall Fekete’s lemma on the limit of a superadditive sequence.

Lemma 4.11 (Fekete’s lemma). If pbnq8
n“1 is a superadditive sequence (i.e. bn`m ě

bn ` bm for all n,m P N), then

lim
nÑ8

bn
n

exists, and lim
nÑ8

bn
n

“ sup
n

bn
n
. (4.12)

Taking logarithms and applying Fekete’s lemma to the sequence bn “ log panq ´

logpkq, we obtain the following corollary.

Corollary 4.12. Consider a strictly positive sequence panq8
n“1. Assume that there

exists a k such that for all n and m, an`m ě an¨am
k

. Then the limit lim
nÑ8

1
n
logpanq

exists and lim
nÑ8

1
n
logpanq “ supn

1
n
logpanq.

Definition 4.13 (Quasi supermultiplicative sequence). If panq8
n“1 is a sequence as

in Corollary 4.12, then we call panq8
n“1 quasi-supermultiplicative.

Since we conditioned on non-extinction of #En, Yn ą 0 almost surely, and
EpYnq ą 0 for each n.

Lemma 4.14. There exists a λ such that

lim
nÑ8

1

n
logpErYnsq “: λ (4.13)

and
λ “ sup

n

1

n
logpErYnsq.
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Proof. In light of Corollary 4.12, it suffices to prove that the sequence EpYnq is
quasi-supermultiplicative: namely that there exists a constant C such that for
every n,m ą 0

EpYn`mq ě
EpYnqEpYmq

C
.

Assume that we are at level n. The n-th approximation of the set intersects Yn
L-adic intervals. Denote these intervals by K1, . . . , KYn . It is clear that Yn ‰ #En
(recall that En is the index set of retained level-n maps). For each of the intervals
Kj, we can find at least one i P En such that Kj Ă fipIq. If i P En then fipIq will
intersect exactly N level-n L-adic intervals, and therefore the intersecting cylinders
can occupy only N ` 2pN ´ 1q ă 3N intervals of K1, . . . , KYn . Therefore, we may
choose a subset rEn Ă En with at least

X

Yn

3N

\

elements such that fipIq X fjpIq “ H

for all i, j P rEn. Stepping forward to level n ` m, for each i P rEn, we obtain jointly
independent processes tY i

k ukPN. Each Y i
k has the same distribution as the original

process tYkuk. Since rEn contains disjoint level-n cylinders, for any m ě 0

Yn`m

d
ě

ÿ

iPrEn

Y i
m,

where Y i
m are random variables that are independent of each other and also from

Yn and distributed according to Ym. Since #rEn ě
X

Yn

3N

\

, there exists a C such that

EpYn`mq ě Ep#rEnqEpYmq ě
1

C
EpYnqEpYmq.

This finishes the proof of the quasi-supermultiplicativity of the sequence EpYnq.

Lemma 4.15. Almost surely,

lim sup
nÑ8

1

n
logpYnq ď λ.

The proof of Lemma 4.15 is the first part of the argument of [9, Theorem 1];
we include it for completeness.

Proof. From λ “ supn
1
n
logpErYnsq, it follows that logpErYnsq ď nλ for all n. Let

ε ą 0. By Markov’s inequality, PplogpYnq ě npλ ` εqq ď
EpYnq

enpλ`εq ď e´nε. Since e´nε

is summable for any ε ą 0, it follows from the Borel–Cantelli lemma that

P
ˆ

lim sup
nÑ8

1

n
logpYnq ď λ

˙

“ 1

as claimed.

Second part: Equation (4.11)

We now turn to the part where we only consider the expectation EpYnq. The proof
in this section essentially follows [15], with minor adaptations to the matrix setting.
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Lemma 4.16. We have

lim sup
n

logpErYnsq

n
ď inf

tPp0,1q
P ptq “ inf

tPr0,1s
P ptq.

Proof. The final equality follows by continuity of P ptq. It remains to prove the
first inequality. We will prove that for all ε ą 0 there exists an N0 such that for all
n ą N0,

logpErYnsq

n
ď inf

tPp0,1q
P ptq ` ε. (4.14)

From (4.14), the assertion follows. Recall that for θ P rLsn0 and u, v P t1, . . . , Nu,
Z

puq
n pθqpvq denotes the number of type-v intervals contained in the L´n interval

coded by θ inside the basic interval J puq. Fix 0 ă t ă 1, such that fpxq “ xt is
a concave function. Then the generalized Markov’s inequality (with the function
fpxq), Jensen’s inequality, and finally the concavity of fpxq yields

EpYnq “ E
´

N
ÿ

v“1

ÿ

θPrLsn0

11
N
ÿ

u“1

Zpuq
n pθqpvq ě 1

¯

ď
ÿ

θPrLsn0

N
ÿ

u,v“1

PpZpuq
n pθqpvq ě 1q

ď
ÿ

θPrLsn0

N
ÿ

u,v“1

EpZpuq
n pθqpvq

t
q ď

ÿ

θPrLsn0

N
ÿ

u,v“1

EpZpuq
n pθqpvqq

t
“

ÿ

θPrLsn0

N
ÿ

u,v“1

Mθpu, vq
t

ď
N2

N2t

ÿ

θPrLsn0

}Mθ}
t.

This completes the proof.

4.4.2 Proof of the lower bound

We now proceed with the lower bound: namely, that

dimHpΛq ě inf
tPr0,1s

P ptq

logpLq
.

We consider four separate cases, and the proof differs in each of these cases.

1. Phase (PH1): λ ą 0. When the system is in Phase (PH1), the infimum of the
pressure function P ptq in the interval r0, 1s is attained at 0. Since P p0q “ 1,
to verify the statement we need to show that the almost sure dimension of
the random attractor is one. This is the case, because by the definition of
Phase (PH1), the Lyapunov exponent λ is positive. By Theorem 1.8, this
implies that the Lebesgue measure of the random attractor is positive, so the
assertion holds.

2. When the model is in Phase (PH2), (PH4) or (PH5), λ ď 0 and η ě 0, but
λ and η are not simultaneously zero. In this situation, the infimum of P ptq
is attained in the interval r0, 1s. By continuity of P 1ptq (see Lemma 4.2),
for each ε ą 0 we can choose t˚ P p0, 1q such that 0 ă P 1pt˚q ă ε. For this
choice of t˚, there exists a unique Gibbs measure µt˚ as in Lemma 4.4. The
Lyapunov exponent λpµt˚q corresponding to this ergodic measure is strictly
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positive by Lemma 4.4 (4.6) since we chose t˚ such that 0 ă P 1pt˚q. Hence,
using the statement and notation from Theorem 1.8, pµt˚pΛq ą 0 almost surely
on non-extinction. Recall that pµt˚ is the sum of the measures projected to the
basic intervals J piq, i “ 1, . . . , N by the L-adic coding maps, and therefore
the Hausdorff dimension of the measure is unchanged upon projection. It
follows that

dimHpΛq ě dimHppµt˚q ě dimHpµt˚q ě ´t˚P 1
pt˚q ` P pt˚q ě ´t˚ε ` P pt˚q

ě ´ε ` P pt˚q ě ´ε ` inf
t˚Pr0,1s

P pt˚q.

3. Phase (PH3): λ “ η “ 0. The main technique is to perturb the model, which
modifies its phase from Phase (PH3) to (PH6). The proof for Phase (PH6) is
quite intricate, hence it is deferred to Section 4.4.2. We perturb the vector
pphqhĂrMs1 and denote it by rp “ prphqhP rH . If pH ą 0, then rH “ H; otherwise
rH “ H Y tHu. The original system does not die out if

ř

hPH ph#h ą 1, so
we may choose ε such that p1 ´ εq

ř

hPH ph#h ą 1.

We perturb the probability vector in the following way: for h P rHztHu:
rph “ php1 ´ εq and rpH “ ε ` pHp1 ´ εq. In this way rp is a probability
vector and the expectation matrices corresponding to this distribution satisfy
}ĂMθ} “ p1 ´ εqn}Mθ}, for all θ P rLsn0 . Hence, the corresponding pressure is
rP ptq “ P ptq ` t logp1 ´ εq.

The pressure corresponding to this perturbed model satisfies

rP 1
ptq “ P 1

ptq ` logp1 ´ εq,

which implies that the perturbed model is in Phase (PH6). Then the infimum
over the interval r0, 1s is attained at 1, where rP p1q “ P p1q ` logp1 ´ εq.

We can define a simple coupling between the probability space of the perturbed
process and the original as follows. First, define the random variable U which
is uniform on r0, 1q. We fix an ordering on H “ th1, . . . , hℓu. Define the
intervals Ihj

“ r
ř

iăj phi
,
ř

iăj phi
` phj

q. There is exactly one j such that
U P Ihj

. Let Xo and Xp be random variables, defined as functions of U .
For U P Ihj

we set Xo “ hj. For the perturbed variable we set Xp “ hj if
U´

ř

iăj phi
phj

ď 1 ´ ε and otherwise Xp “ H. In this way Xo and Xp are the
coupled versions of p and rp, respectively. This is depicted in Figure 4.2.

We construct the labelled Galton–Watson trees To and Tp with offspring
distribution given by Xo and Xp, respectively. Note that with positive
probability the perturbed tree Tp survives since

ř

hPH rph#h ą 1. Clearly
Tppωq Ď Topωq for all ω, and therefore dimHpπpBTppωqqq ď dimHpπpBTopωqqq

for all realizations.

In this way, assuming that the dimension formula is proved for phase (PH6),
it follows that

dimHpπpBTppωqqq “ inf
tPr0,1s

rP ptq

logpLq
“ inf

tPr0,1s

P ptq ` t logp1 ´ εq

logpLq

ě inf
tPr0,1s

P ptq ` logp1 ´ εq

logpLq
.
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Figure 4.2: Depiction of the coupling between the original and the perturbed
distribution. The value of Xo depends only on which interval U is in, this is shown
in the interval denoted by “O”. The value of Xp further depends on whether U is in
an orange interval on the part denoted by “P”, in which case its value is H.

4. Phase (PH6) is considered in a separate section because it consists of multiple
steps.

Proof of the lower bound, when the model is in Phase (PH6)

We start by sketching the steps of the proof.
The fundamental idea hidden behind the technical proof is a standard heuristic:

finding a subset with the same dimension as the original set, but with zero-
dimensional slices ensures that the projection does not decrease the dimension. First,
we subdivide the level-n L-adic intervals intersecting the level-n approximation into
“small” and “big” parts. The small parts are the level-n L-adic intervals which in
expectation do not intersect many cylinders. Lemma 4.17 states that the expected
number of cylinders intersecting the small parts grows at the same exponential
rate as the expected number of all cylinders. Using large deviations theory, we
show that each of the level-n L-adic interval in the small part does not intersect
an exponential number of cylinders (see Lemma 4.22). Combining the fact that
the number of retained cylinders intersecting the small part grows at the same
exponential rate as the total number of cylinders with the observation that each
individual interval in the small part intersects only a small number of cylinders, we
obtain the desired assertion.

The approach is inspired by [49] where, as an auxiliary lemma, the authors
prove in the setting of homogeneous Mandelbrot percolation that if the similarity
dimension is less than one, then along all slices the number of cylinders intersecting
the slices grows at most at a polynomial rate. The idea of looking at a subprocess
to calculate the dimension is inspired by [7]. We believe that we could instead use
the recent result in [56] analogously.

We will prove for all ε ą 0 that

dimHpΛq ě
logp

ř

hĂrMs1
ph ¨ #hq

logpLq
´ ε.

Note that P 1p1q ă 0, which ensures that the infimum of P ptq on the interval r0, 1s

is attained at t “ 1. Also note that P p1q “ log
´

ř

hĂrMs1
ph ¨ #h

¯

.
We begin by defining a subdivision of rLsn0 :

Sn :“ tθ P rLs
n
0 : }Mθ} ă 1u, and

Bn :“ rLs
n
0zSn “ tθ P rLs

n
0 : }Mθ} ě 1u.
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Further, we consider the n-th approximation of the pressure function:

Pnptq :“
1

n
logp

ÿ

θPrLsn0

}Mθ}
t
q.

Finally, two important quantities are

s0 :“
ÿ

hPH

ph ¨ #h ą 1, and

s :“
logps0q

logpLq
.

Lemma 4.17. There exist δ0 P p0, 1q and N0 such that for all n ě N0,
1

N

ÿ

θPSn

}Mθ} ě sn0 p1 ´ δn0 {Nq.

In particular, for all ε0 ą 0 there exists an N1 such that for all n ě N1,

logp 1
N

ř

θPSn
}Mθ}q

n logpLq
ě s ´ ε0. (4.15)

Proof. We begin with three preliminary observations:

1. There exist t ą 1, ξ ą 0, and N0 such that P p1q ´ ξ ą Pnptq for all n ě N0.

2. P p1q “ logp
ř

hĂrMs
ph ¨ #hq ` limnÑ8

logpNq

n
“ logps0q.

3.
ř

θPBn
}Mθ} ă ps0e

´ξqn for all n ě N0.

The first part follows from a simple calculation. The second part follows from
the definition of Mθpu, vq. Namely,

ř

θPrLsn0
}Mθ} is simply N times the expected

number of retained cylinders at level n. From this the expression for P p1q follows.
For the third part, observe that for every n ě N0:

1

n
log

˜

ÿ

θPBn

}Mθ}

¸

ď
1

n
logp

ÿ

θPBn

}Mθ}
t
q ď Pnptq ă P p1q ´ ξ.

The first inequality follows from the definition of Bn, namely that }Mθ} ě 1 for all
θ P Bn. The second follows from Bn Ă rLsn0 and the third from the first observation.
Therefore, by the second observation

ÿ

θPBn

}Mθ} ă
`

s0 ¨ e´ξ
˘n
,

for all n ě N0.
For ξ satisfying the assumptions in observation 1. fix δ0 :“ e´ξ P p0, 1q. It

follows that

1

N

ÿ

θPSn

}Mθ} “
1

N

¨

˝

ÿ

θPrLsn0

}Mθ} ´
ÿ

θPBn

}Mθ}

˛

‚ě sn0 p1 ´ δn0 {Nq .

Choose N1 ě N0 such that
logp1 ´ δn0 {Nq

n logpLq
ą ´ε0.
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Recall from Section 1.4 that we defined labelled Galton–Watson trees. Namely,
we chose a distribution in advance on the set PprM s1q; we call this offspring distribu-
tion. Then we considered the M -ary tree and on each of its nodes, independently of
each other chose a vector according to this distribution indicating which children to
retain and which to discard. Eventually survival of a node was defined inductively:
The root survived, and a level-n node survived if its parent survived and the vector
assigned to the parent indicated so. The set of level-n surviving nodes is an index
set for the retained level-n cylinders. We denote this index set by En.

We fix a distribution on PprM s1q: p “ pphqhĂrMs1 . Assume that
ÿ

hPH

ph#h ą 1, (4.16)

guaranteeing that the labelled Galton–Watson tree generated with this offspring
distribution is non-empty with positive probability.

Definition 4.18 (Modified trees). 1. Fix a (deterministic) set D Ă rM s1. We
consider the restricted subtree TD of the random tree T . For each ω P Ω and
realization T pωq let TDpωq be the subtree with root H and vertices from D˚.
Namely, for all n P N and i P Tn, i P pTDqn if and only if i P Dn. The edge
set is unchanged between retained vertices.

2. The K-step tree T pKq is constructed by sampling the original tree T at
intervals of height K. The n-th level of this tree, denoted by T pKq

n , is given
by:

T pKq
n :“ TnK . (4.17)

The edge set is given by

EpKq
“ tpi, ijq : i P T pKq

n , ij P T pKq

n`1 u. (4.18)

We can restrict the distribution p to deterministic subsets in the following way:
fix D Ă PprM s1q, and we define p

D
“ prphqhĂrMs1 where

rph “
ÿ

kĂrMs1

pk11tkXD“hupkq. (4.19)

For a distribution p, let eppq “
ř

hĂrMs1
ph#h.

Lemma 4.19 (Basic facts about labelled Galton–Watson trees). Assume T is a
labelled Galton–Watson tree with offspring distribution p “ pphqhPrMs1. Then the
following hold:

1. Fix a deterministic set D Ă rM s1. The restricted tree TD is a labelled
Galton–Watson tree with offspring distribution p

D
“ prphqhĂrMs1, defined in

(4.19). The boundary of this tree is non-empty with positive probability if and
only if epp

D
q ą 1.

2. For a fixed K P N, the K-step tree T pKq is also a branching tree with offspring
distribution equal to the law of EK on rM sK1 . The boundary is non-empty
with positive probability if and only if the boundary of the original tree is
non-empty with positive probability.
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3. Assume that T is equipped with the metric dpi, jq “ ρ|i^j| for some ρ P p0, 1q.
The Hausdorff dimension of its boundary BT equals ´ logpeppqq{ logpρq almost
surely conditioned on non-extinction.

Proof. The first two statements follow simply from the analogous properties of the
original tree. For the proof of the third statement see [24].

For ε{3 we fix N1 satisfying (4.15). For the rest of the proof, we fix K such that

• K ą N1, and hence logp1{N
ř

θPSK
}Mθ}q{pK logpLqq ě s ´ ε{3, and

• 1{N
ř

θPSK
}Mθ} ą 1 (which is possible, since s0 ą 1).

We consider the set DK Ă rM sK1 defined as

DK “ ti P rM s
K
1 : Dθ P SK , u, v P rN s1 s.t. SipJ

puq
q “ J

pvq

θ u.

This set contains those K-compositions of the functions of the IFS such that the
fibers, in expectation, intersect only a small number of cylinders.

With the notation of Definition 4.18 we consider the tree

rT “ pT pKq
qDK

.

Let rEn denote the level-n nodes of the tree rT . Further, on the boundary B rT , we
define the metric dpi, jq “ L´K|i^j|, where |i^ j| is the length of the longest common
prefix of i ‰ j, and dpi, iq “ 0. We collect the properties of rT in the following
corollary of Lemma 4.19.

Corollary 4.20 (Properties of rT ). The tree rT is a labelled Galton–Watson tree,
satisfying the following properties.

1. Let ppKq “ pp
pKq
g qgĂrMsK1

be the distribution of EK. The offspring distribution
of rT is rp “ prphqhĂrMsK1

rph “
ÿ

gĂrMsK1
gXDK“h

ppKq
g (4.20)

on the set PprM sK1 q, and

2. eprpq ě 1{N
ř

θPSK
}Mθ}, hence

3. with positive probability B rT ‰ H and

4. with respect to the metric d, dimHpB rT q ě s´ ε0 almost surely conditioned on
non-extinction.
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Proof. The proof follows from Lemma 4.19, considering that

eprpq “
ÿ

hĂrMsK1

#hrph “
ÿ

hĂDK

#h
ÿ

gĂrMsK1

PpEK “ gq11tDK X g “ hu

“
ÿ

hĂDK

ÿ

iPrMsK1

ÿ

gĂrMsK1

PpEK “ gq11ti P h,DK X g “ hu “
ÿ

hĂDK

ÿ

iPh

Ppi P EKq

“
ÿ

iPrMsK1

11tDθ P SK : Dv, u P rN s1 : SipJ
pvq

q “ J
puq

θ u ¨ Ppi P EKq

ě 1{N
ÿ

θPSK

ÿ

v,uPrNs1

ÿ

iPrMsK1

11tSipJ
pvq

q “ J
puq

θ u ¨ Ppi P EKq

“ 1{N
ÿ

θPSK

}Mθ}.

Since we choose K such that 1{N
ř

θPSK
}Mθ} ą 1, we are done.

Similarly to the previous sections, in the following proofs we will focus on the
L-adic intervals J puq

θ , for some u P rN s1, n P N and θ P rLsn0 . For a fixed n P N,
θ P rLsn0 and u P rN s1 we consider the random variables

Zpuq
n pθqpvq “ ti P En : SipJ

pvq
q “ J

puq

θ u, (4.21)

forming the vectors Zpuq
n pθq “ pZ

puq
n pθqpvqqvPrNs1 . For β “ pθ1, . . . , θnq, θi P rLsK0

we define rZ
puq

n pβq corresponding to rEn analogously. We remark that for β P Sn
K

the vector random variables Zpuq

nKpβq and rZ
puq

n pβq agree. In what follows, we fix a
realization ω P Ω.

Lemma 4.21. Assume that for δ ą 0, c ą 0 and N0 P N, for every m ą N0, for
all β P Sm

K and u, v P rN s1

rZpuq
m pβqpvqpωq ď c ¨ Lmδ.

Then
dimHpB rT pωqq ď dimHpπpB rT pωqqq ` 2δ,

where π is the natural projection corresponding to the deterministic IFS S.

We defer the proof to the end of this section.
For the fixed parameters rδ ą 0 and α ą 0 we define a comparison function. Its

arguments are d P N, n P N, θ P rLsK0 , and u, v P rN s1, and it is given by

ϕpd, n, θ, u, vq :“

#

d ¨ Mθpu, vq p1 ` αq, d ě Lnrδ,

d ¨ MK , d ă Lnrδ.

Recall that Mθpu, vq is the expected number of type-v children produced by one
type u individual in the environment θ. The number of functions is M , and MK

is a fixed uniform upper bound for the number of individuals given birth by any
individual. Hence, to summarize, the function ϕ defines the threshold for typical
growth: for large populations, we bound the count by the expectation (with a
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small error margin), while for small populations, we fall back on the worst-case
deterministic bound d ¨ MK .

We will consider the bad event:

Fn :“
!

Dβ “ pβ1, . . . , βnq P Sn
K , Du, v P rN s1 :

Z
puq

nKpβqpvq ą
ÿ

wPrNs1

ϕ
`

Z
puq

pn´1qKpβ|n´1qpwq, n, βn, w, v
˘

)

.

In what follows, when the arguments of Z are clear from the context we will omit
them. We defer the proof of the following two lemmas to the end of this section.

Lemma 4.22. For rδ ą 0 and α ą 0 there exists η P p0, 1q such that for n P N:

PpFnq ď pLK
q
nN2ηL

pn´1qrδ

.

Lemma 4.23. Fix δ ą 0. There exists an event Ωδ with PpΩδq ą 0, such that for
ω P Ωδ:

1. B rT pωq ‰ H.

2. There exist constants C ą 0, and N0pωq such that for m ą N0 for every
β P Sm

K and every u, v P rN s1,

rZpuq
m pβqpvqpωq ď C ¨ Lmδ. (4.22)

To summarize: Recall that π : ΣrMs1 Ñ R is the natural projection corresponding
to the IFS S. From rT pωq Ă T pωq, it follows that for any ω P Ω,

dimHpπprT pωqqq ď dimHpπpT pωqqq. (4.23)

Combining Lemma 4.23 and Lemma 4.21 with the choice δ “ ε{3 there exists Ωδ,
with PpΩδq ą 0, such that for all ω P Ωδ,

dimHpB rT pωqq ď dimHpπpB rT pωqqq ` 2ε{3.

From Lemma 4.20,
dimHpB rT pωqq ě s ´ ε{3.

Combining these with Lemma 4.10 gives the desired result regarding the dimension
formula in phase (PH6). This concludes the proofs of this chapter.

Proofs of Lemmas 4.21-4.23

Proof of Lemma 4.21. Let t :“ dimHpπpB rT pωqqq. There exists a constant C such
that for each m we can find a net-cover tIiuiPI of LK-mesh intervals such that
|Ii| ď L´Km for all i P I and

ÿ

iPI
|Ii|

t`δ
ă C.

We will pull this cover back to the symbolic space. We define ℓpIiq such that Ii has
diameter L´KℓpIiq. For each L-adic interval I, let gpIq “ tj P rM s

KℓpIq

1 : Du P rN s1 :

SjpJ
puqq “ Iu. It follows that
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ď

iPI

ď

kPgpIiq

rks

is a L´Km cover of B rT pωq, hence the total cost of this cover is:
ÿ

iPI

ÿ

kPgpIiq

|rks|
t`2δ

“
ÿ

iPI
#gpIiq ¨ L´KℓpIiqpt`2δq

ď
ÿ

iPI
c ¨ LKℓpIiqδ ¨ L´KℓpIiqpt`2δq

“
ÿ

iPI
c ¨ LKℓpIiqδ ¨ L´KℓpIiqpt`2δq

“ c ¨
ÿ

iPI
|Ii|

t`δ
ă 8.

Proof of Lemma 4.22. By the union bound,

PpFnq ď
ÿ

βPSn
K

ÿ

u,vPrNs1

P
´

Z
puq

nKpβqpvq ą
ÿ

w

ϕp¨q

¯

.

Fix β P Sn
K and u, v P rN s1. We can write Zpuq

nKpβqpvq as a sum of independent
contributions coming from members of generation pn ´ 1qK:

Z
puq

nKpβqpvq
d
“

ÿ

wPrNs1

Dw
ÿ

j“1

Yjpβn, w, vq,

where Dw :“ Z
puq

pn´1qKpβqpwq and for fixed βn, w, v the random variables Yjpβn, w, vq

are i.i.d. with the same distribution as Zpwq

K pβn, vq (hence with mean Mβnpw, vq).
Here we use the offspring independence and identical distribution assumption
at each parent. In what follows, we write ZnKpβqpvq “ Z

puq

nKpβqpvq, since the
dependence on u will not have any effect. In this way

P
´

ZnKpβqpvq ą
ÿ

w

ϕp¨q

¯

“ P
´

ÿ

wPrNs1

Dw
ÿ

j“1

Yjpβn, w, vq ą
ÿ

w

ϕp¨q

¯

ď
ÿ

wPrNs1

P
´

Dw
ÿ

j“1

Yjpβn, w, vq ą ϕp¨q

¯

.

For a fixed w we use the law of total probability to consider the two separate cases
when Dw is big and when it is small, namely:

P
´

Dw
ÿ

j“1

Yjpβn, w, vq ą ϕp¨q

¯

“ P
´

Dw
ÿ

j“1

Yjpβn, w, vq ą ϕp¨q|Dw ă Lpn´1qrδ
¯

PpDw ă Lpn´1qrδ
q

`P
´

Dw
ÿ

j“1

Yjpβn, w, vq ą ϕp¨q|Dw ě Lpn´1qrδ
¯

PpDw ě Lpn´1qrδ
q.

The first part is simply 0, because the number of maps is M , hence in K level
the number of children can not grow faster than MK . For the second part we use
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large deviation theory for the independent sum. We omit the precise calculation,
but this gives:

P
´

Dw
ÿ

j“1

Yjpβn, w, vq ą ϕp¨q|Dw ě Lpn´1qrδ
¯

PpDw ě Lpn´1qrδ
q ă ηL

pn´1qrδ

for some η P p0, 1q (depending only on the chosen α and the offspring law). Because
for a fixed α the possible offspring distributions run over only a finite set, we may
take a uniform η P p0, 1q with the property above for all triples pw, k, β

n
q.

Adding up everything indeed gives the desired result.

Proof of Lemma 4.23. Fix some 0 ă rδ ă δ. Let m “ maxθPSK
}Mθ}. Since θ P SK

the matrices Mθ have norm less than one, we can choose α small enough such that
p1 ` αqm ă 1. We use Lemma 4.22 for α and rδ. In either way for some C ą 0

ÿ

n

PpFnq ď C ¨ pLK
q
nηL

pn´1qrδ

ă 8,

hence, by the Borel–Cantelli lemma Pp
Ş

n

Ť

kěn Fkq “ 0, meaning that almost
surely only finitely many Fn occur.

In particular, there exists a subset ΩBC Ă Ω with PpΩBCq “ 1, such that
for all ω P ΩBC , there exists an N0 :“ N0pωq such that for all n ě N0, for all
β “ pβ1, . . . , βnq P Sn

K , and v P rN s1:

Z
puq

nKpβqpvqpωq ď
ÿ

wPrNs1

ϕpZ
puq

pn´1qKpβqpwqpωq, n, βn, w, vq.

We choose N1 such that N1 ě N0, and further, for n ě N1 we have Lpn´1qprδ´δq ă

Lδ ´ mp1 ` αq. We choose Cpωq “ N ¨ MN0pωq¨K . In this way, for all β P SN0
K and

type u, v P rN s1

Z
puq

N0¨Kpβqpvqpωq ă CLN0¨δ.

Now we prove that the analogous statement (4.22) holds for all n. From the choice of
our variables, a simple calculation shows that for n ą N0 and β “ pβ1, . . . , βnq P Sn

K

Z
puq

nKpβqpvq ă
ÿ

wPrNs1

ϕ
`

Z
puq

pn´1qKpβqpwq, n, βn, w, v
˘

ď N ¨ MKLpn´1qrδ
`

ÿ

wPrNs1

Mβnpw, vq ¨ Z
puq

pn´1qKpβqpwqp1 ` αq

ď N ¨ MKLpn´1qrδ
` CLpn´1qδm ¨ p1 ` αq

ď CLpn´1qδ
pLpn´1qprδ´δq

` m ¨ p1 ` αqq ď CLnδ.

Since ΩBC is a full probability set, the intersection with the set of those
realizations where the trimmed process survives remains positive.
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Chapter 5

Examples

5.0.1 Menger sponge

The Menger sponge is a canonical 3-dimensional grid aligned self-similar set. The
construction resembles the construction of the Sierpiński carpet, defined in Section
5.4 (this is because similarly to the Sierpiński carpet we remove middle squares), it
is sometimes called the 3-dimensional Siepriński carpet. The generating IFS is as
follows.

Let

D “ t0, 1, 2u
3
ztp1, 1, 1q, p1, 1, 0q, p1, 1, 2q, p1, 0, 1q, p1, 2, 1q, p0, 1, 1q, p2, 1, 1qu. (5.1)

For each i P D, define the similarity

fipxq “
1

3
x ` i. (5.2)

Example 5.1 (Menger sponge projected to the space diagonal of the unit cube).
The following example concerns the rescaled version of the orthogonal projection
of the Menger sponge to the space diagonal of the r0, 3s3 cube.

"

Sipxq “
1

2
x ` ti

*20

i“1

, ti P p0, 1, 1, 1, 2, 2, 2, 3, 3, 3, 3, 3, 3, 4, 4, 4, 5, 5, 5, 6q. (5.3)

In this system L “ 3, N “ 3, and the coding matrices are as follows:

B0 “

»

–

1 0 0
6 3 3
1 3 3

fi

fl , B1 “

»

–

3 1 0
3 6 3
3 3 1

fi

fl , B2 “

»

–

3 3 1
3 3 6
0 0 1

fi

fl . (5.4)

Figure 5.1: Examples 5.1 and 5.5.
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Figure 5.2: 45-degree projection of the random right-angled Sierpiński carpet
(Example 5.2) and the 0-1-3 problem (Example 5.3)

Figure 5.3: The Menger sponge, up to the second level approximation.

Notice that the function systems contain 20 maps, hence the random attractor
is non-empty iff p ą 1{20. The almost sure dimension of the randomized system is
log3p20pq.

The smallest column sum is 6, hence for p ą 1{6 the random attractor contains
an interval almost surely conditioned on non-extinction by Corollary 1.20. On the
other hand, the spectral radius ρpB0q “ 6, hence for p ă 1{6 the attractor does
not contain any intervals.

We only mention here that the paper [43] is concerned with the properties of
this projection. It contains arguments that are only applicable to this projection,
hence we do not repeat these arguments here. However, Figure 5.4 summarizes
the results from the paper [43]. We note that the positive result regarding the
Lebesgue measure follows from [43, Theorem 1.11]. The random Menger sponge
with parameter p is denoted by Mp, and its projection to the space diagonal is by
projp1,1,1q Mp.

Figure 5.4: The phase transitions of the random Menger sponge as we vary the
parameter p.
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Figure 5.5: The phase transitions in case of Example 5.2 and 5.3 as we vary the
parameter p, inferred from the theorems appearing in the thesis.

5.0.2 Projections of the right-angled Sierpiński carpet

In this section we consider projections of the right-angled Sierpiński carpet, the
attractor (see Figure 5.6) of the following self-similar IFS in R2.

S :“

"

Sipxq “
1

2
x ` ti

*3

i“0

,

where ttiu
3
i“0 is an enumeration of the set

␣

0, 1
2

(2
z
␣`

1
2
, 1
2

˘(

. For the random system
we use the coin-tossing system. The right angle Sierpiński carpet as well as its
projections are non-empty iff p ą 1{3, and its dimension is almost surely log2p3pq

(on non-extinction).

Example 5.2 (45-degree projection of the random right-angled Sierpiński car-
pet). Consider proj : R2 Ñ R, projpx, yq :“ ´x ` y, the rescaled version of
the 45-degree projection. Then projpGpq (see Figure 5.6) gives the IFS S “
␣

Sipxq “ 1
2
x ` 2pi ´ 1q

(3

i“1
. In this case L “ N “ 2. The types are determined by

the basic intervals, J p0q :“ r0, 2s and J p1q :“ r2, 4s. The environments are identified
with θθθ “ pθ1, θ2, . . . q P t0, 1uN. The corresponding matrices are:

B0 “

„

1 0
1 1

ȷ

, B1 “

„

1 1
0 1

ȷ

.

Here we collect the applications of the main theorems to this example. The results
are depicted in Figure 5.5; those regarding dimension are not discussed explicitly
in the text.

• It follows from Application 1.10 that for p ď 0.672 the Lebesgue measure of
the random attractor is almost surely 0, however for p ě 0.673 the Lebesgue
measure is positive almost surely conditioned on non-extinction.

• It is clear that for p “ 1 the random attractor (which agrees almost surely
with the deterministic attractor) has non-empty interior. Since both matrices
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0

1

2

3

4

J 0

J 1

Figure 5.6: The approximations of the (deterministic) right-angled Sierpiński carpet
and the IFS corresponding to projpGpq.

have spectral radius 1 it follows that for p ă 1 the interior is empty almost
surely. We mention that the same situation occurs if one considers the
coordinate projections.

• It follows that there exists a parameter interval, where the interior is empty but
the Lebesgue measure is positive almost surely conditioned on non-extinction.

Example 5.3 (0-1-3, with contraction 1{2).

Sipxq “
1

2
x ` ti, ti P t0, 1, 3u (5.5)

J p0q “ r0, 2s, J p1q “ r2, 4s, J p2q “ r4, 6s.

B0 “

»

–

1 0 0
0 1 1
0 1 0

fi

fl , B1 “

»

–

1 1 0
1 0 1
0 0 1

fi

fl .

Here we collect the applications of the main theorems to this example. The results
are depicted in Figure 5.5; those regarding dimension are not discussed explicitly
in the text. A simple calculation using Remark 2.24 shows that Lemma 1.15 is
applicable, and the pressure is not a straight line by [2, Proof of Theorem 1.3],
hence the interesting parameter interval exists. In Application 1.22 we proved that
for p ą 0.7357 the interior of the random attractor is not empty almost surely
conditioned on non-extinction. This behavior is different from that of the 45-degree
and the axis projections.

5.1 Sierpiński carpet
The Sierpiński carpet is a grid aligned 2-dimensional self-similar set. Let

D “ t0, 1, 2u
2
ztp1, 1qu. (5.6)

Let ti P D, the i-th element of the set D according to the lexicographical order,
i “ 1, . . . , 8.

fi : R2
Ñ R2, fipxq “ 1

3
x ` ti. (5.7)

The Sierpiński carpet is the attractor of the IFS F “ tfiu
8
i“1.
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Example 5.4 (45-degree projection of the Sierpiński carpet.). The IFS corres-
ponding to the 45-degree projection of the Sierpiński carpet is

Sipxq “
1

3
x ` ti, ti “ 0, 1, 1, 2, 2, 3, 3, 4. (5.8)

The corresponding matrices are:

B0 “

„

1 0
2 2

ȷ

, B1 “

„

2 1
1 2

ȷ

, B2 “

„

2 2
0 1

ȷ

. (5.9)

For p ą 1{8 the attractor is non-empty with positive probability. For p “ 3{8 “

0.375 the similarity dimension is 1, for p ą 0.384 by Application 1.9 we have that
LebpΛpq ą 0 almost surely, conditioned on non-extinction. Further, for p ą 1{2 the
random attractor contains an interval almost surely, conditioned on non-extinction
by Corollary 1.20. On the other hand, the spectral radius ρpB0q “ 2, hence for
p ă 1{2 the attractor does not contain any intervals.

5.1.1 Other examples

Example 5.5. Let

Sipxq “
1

2
x ` ti,

where ti “ 0, 1, 2, 4. Note that this IFS is not a projection of a 2-dimensional
carpet. Consider the CISSIFS corresponding to this IFS. In this case N “ 4, L “ 2
and the expectation matrices are

M0 “ p ¨

»

—

—

–

1 0 0 0
1 1 1 0
1 0 1 1
0 0 1 0

fi

ffi

ffi

fl

, M1 “ p ¨

»

—

—

–

1 1 0 0
0 1 1 1
0 1 0 2
0 0 0 1

fi

ffi

ffi

fl

.

In Application 1.22 we estimate the probability pp such that for all p ą pp, ΛS,p
contains an interval almost surely, conditioned on non-extinction.

We estimated the probability using Wolfram Mathematica. In case of this
example for

U “ tp1, 0, 1, 0q, p0, 1, 0, 1qu,

our estimation for the critical probability is pp ď 377´1{13 „ 0.633607. Hence, from
Theorem 1.19 it follows that if we choose p ą 377´1{13, the CISSIFS in Example
5.5 contains an interval almost surely, conditioned on non-extinction.
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Chapter 6

Appendix

6.1 Introduction to the theory of matrix products
In this section, we briefly summarize some fundamental results concerning matrix
cocycles. This summary is based primarily on Viana’s Lecture on Lyapunov
exponents [64]. Let pΣ, σq denote the (one-sided) shift space over the finite alphabet
rLs0.

Let MpR, Nq be the set of N ˆ N real matrices. For an A : Σ Ñ MpR, Nq, we
define the matrix cocycle

Apθθθ, nq :“ Apσn´1
pθθθqq ¨ ¨ ¨Apθθθq,

for θθθ P Σ and n P N. From now on, we restrict ourselves to maps taking values in
the space of N ˆ N real invertible matrices, A : Σ Ñ GLpN,Rq.

We say that A is a one-step cocycle if A only depends on the first letter of θθθ.
In this case, there is a natural correspondence between one-step cocycles and the
elements of the set GN,L “ tB “ tB0, . . . ,BL´1u : Bi P GLpN,Rqu. Namely, for
θθθ “ pθ1, θ2, . . . q,

Apθθθ, nq “ Bθn ¨ ¨ ¨Bθ1 .

In this case, we write A „ B. Recall the definition of the pinching and twisting
properties from Definition 2.23 in Section 2.4.

Definition 6.1 (one-typical). A one-step cocycle is 1-typical if it is pinching and
twisting.

Corollary 6.2 ([53, Theorem 9.1]). The pressure function corresponding to a
one-typical, one-step cocycle is either affine on its domain or strictly convex in a
neighborhood of 0.

Next, we consider the Lyapunov exponent and introduce the column-sum
exponent corresponding to a set of matrices. Finally, we study the properties of
the subadditive pressure.

6.1.1 The Lyapunov and the column-sum exponent

Intuitively, the Lyapunov exponent describes the average exponential growth rate
of the norm of the matrix product according to a given ergodic measure.

We recall a special case of the Subadditive Ergodic Theorem.
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Theorem 6.3 (Partial version of [65, Theorem 10.1]). Let pX,B, νq be a probability
space and let T : X Ñ X be a measure-preserving transformation. Let tfnu8

n“1 be a
sequence of measurable functions fn : X Ñ R Y t´8u satisfying

(1) f`
1 P L1pνq, for f`

1 pxq “ maxt0, f1pxqu ;

(2) for each k, n ě 1, fn`k ď fn ` fk ˝ T n a.e.

Then there exists a measurable function f : X Ñ R Y t´8u such that the following
hold:

1. f` P L1pνq,

2. f ˝ T “ f a.e. (in particular, if ν is ergodic, then f is constant a.e.)

3. lim
nÑ8

1
n
fn “ f a.e.

Consider the probability space pΣ,A, νq as in Definition 2.5, using the notation
Σ “ ΣrLs0 . On this space, we consider the left-shift σ. We assume that ν is ergodic
with respect to σ and that the N ˆ N matrices tMθuθPrLs0 are jointly positively
irreducible (see Definition 1.5) with respect to ν.

For θθθ “ pθ1, θ2, . . . q, let fnpθθθq :“ log }Mθ1 ¨ ¨ ¨Mθn}. Assumption (1) of The-
orem 6.3 is satisfied because of the finiteness of the alphabet rLs0. The sub-
multiplicativity of the matrix norm (2) implies the second assumption:

fn`kpθθθq :“ log
`

}Mθ1 ¨ ¨ ¨Mθn ¨ Mθn`1 ¨ ¨ ¨Mθn`k
}
˘

(6.1)
ď log

`

}Mθ1 ¨ ¨ ¨Mθn} ¨ }Mθn`1 ¨ ¨ ¨Mθn`k
}
˘

(6.2)
ď log p}Mθ1 ¨ ¨ ¨Mθn}q ` log

`

}Mθn`1 ¨ ¨ ¨Mθn`k
}
˘

“ fnpθθθq ` fkpσn
pθθθqq.

(6.3)

As a consequence of Theorem 6.3, parts 2 and 3, we obtain the following:

Corollary 6.4. In the above given setup, there exists λ P R (called the (maximal)
Lyapunov exponent) such that the following holds:

λ :“ λpν,Bq “ lim
nÑ8

1

n
log }Mθθθ|n} for ν-almost every θθθ P Σ.

Remark 6.5. For the conclusion of Corollary 6.4, it is enough that the above system
is ergodic and

ş

Σ
maxt0, log }Mθ1}udνpθθθq ă 8 and the matrix norm can be any

sub-multiplicative norm.
We now introduce and describe the column-sum exponent. Recall from (2.16)

the definition of the minimum column-sum operator p9q
˚
:

pMq˚ “ min
jPrNs1

ÿ

iPrNs1

Mpi, jq.

This operator is super-multiplicative: for any two non-negative allowable
matrices, M1,M2:

pM1M2q˚ ě pM1q˚pM2q˚.

We would like to apply Theorem 6.3 to the sequence of functions

fn : Σ Ñ R, fnpθθθq “ ´ log ppMθ1 . . .Mθnq˚q , θθθ P Σ.
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Assumption (1) of Theorem 6.3 is clearly satisfied. The second assumption of
the theorem is satisfied by a similar argument as in (6.1). Hence, by multiplying
the resulting limit f of the conclusion of Theorem 6.3 with ´1, we conclude the
following:

Corollary 6.6. There exists a λ˚ P R such that

λ˚ :“ λ˚pν,Mq “ lim
nÑ8

1

n
logpMθθθ|nq˚ for ν-almost every θθθ P Σ.

6.2 A Theorem of Hennion
Let M be an N ˆ N non-negative, allowable matrix. It is easy to check that the
norms defined below agree with the ones used in [25], i.e.

}M}1 :“ max
jPrNs

ÿ

iPrNs

Mi,j “ max

$

&

%

ÿ

iPrNs

ÿ

jPrNs

Mpi, jqxpjq : xpjq ě 0,
ÿ

jPrNs

xpjq “ 1

,

.

-

, and

pMq˚ :“ min
jPrNs

ÿ

iPrNs

Mpi, jq “ min

$

&

%

ÿ

iPrNs

ÿ

jPrNs

Mpi, jqxpjq : xpjq ě 0,
ÿ

jPrNs

xpjq “ 1

,

.

-

.

Let M “ tMθuθPrLs0 be a set of non-negative, allowable matrices. For θ “

pθ1, . . . , θnq P rLsn0 as before, let Mθ :“ Mθ1 ¨ ¨ ¨Mθn and M ⃗θ
:“ Mθn ¨ ¨ ¨Mθ1 . In

what follows, we assume that M is jointly positively irreducible.

6.2.1 A corollary of a theorem of Hennion

In [25], one considers a sequence Xn of random variables taking values in the set of
non-negative allowable matrices. The random matrix Xpnq, which appears in [25,
Theorem 2], corresponds to MT

Ð

θθθ|n

, where θθθ is chosen randomly according to the

probability measure ν. [25, Theorem 2] has two conditions: the first one is that

m1 :“

ż

| log }Mθ1}1| dνpθθθq `

ż

| logpMθ1q˚| dνpθθθq ă 8,

which is satisfied by the finiteness of the alphabet rLs0. The second one is called
Condition C in [25]. Condition C is satisfied when M is jointly positively irreducible.
The conclusion of [25, Theorem 2] immediately implies that

lim
nÑ8

sup
iPrNs

ˇ

ˇ

ˇ

ˇ

1

n
log

`

1TMθθθ|nei
˘

´ λ

ˇ

ˇ

ˇ

ˇ

“ 0, for ν-a.e. θθθ P Σ. (6.4)

Observe that 1TMθθθ|nei is the i-th column sum of the matrix Mθθθ|n . Hence, for
ν-almost every θθθ P Σ,

lim
nÑ8

ˇ

ˇ

ˇ

ˇ

1

n
logpMθθθ|nq˚ ´ λ

ˇ

ˇ

ˇ

ˇ

“ 0.

Remark 6.7. In this paper, we change the order of the matrix product from M Ð

θθθ|n
to

Mθθθ|n . We briefly explain why this is permitted. Observe that in [25, Theorem 2],
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the role of 1T and ei is interchangeable, meaning that we can consider row instead
of column sums in the matrices. Consequently, we obtain an analogous result to
Lemma 2.11 but for the “row-sum exponent”:

lim
nÑ8

1

n
logpmin

iPrNs
eTi Mθθθ|n1q “ λ for ν-a.e. θθθ P Σ. (6.5)

Remark 6.8. In [25], depending on the context, the notation Xn stands in some
cases for the whole process starting at the n-th position, and in other cases for the
n-th element of the process. In this thesis, we only use the second interpretation.

6.3 Basic properties of multivariate pgfs
The following is a well-known fact.

Fact 6.9. Let X, Y be independent random variables on pΩ,F ,Pq taking values in
NN

0 with pgfs fX and fY , respectively. Then the pgf fX`Y of the random variable
X ` Y satisfies fX`Y psq “ fXpsq ¨ fY psq for s P r0, 1s.

6.4 Existence of Gibbs measure
In this section, we prove Lemma 4.4.

The version of the lemma presented here follows the formulation of [2, Lemma
4.5] including an explicit normalizing constant 1{ logpLq. The underlying results
and proofs appeared in [20]. We provide a unified proof here, since in [20] the
underlying results are distributed across several lemmas.

In this section, we consider a set of matrices M “ tMθuθPrLs0 which are jointly
positively irreducible. Recall that this means that the matrices are non-negative,
allowable (that they have a strictly positive element in all the rows and columns),
and moreover that there exists rn ą 0 and a word rθ P rLsrn0 so that the product
matrix M

rθ is strictly positive. Fix such rn and rθ. Recall that the pressure function
is given by

P ptq “ lim
nÑ8

1

n
logp

ÿ

θPrLsn0

}Mθ}
t
q,

using the norm }M} “
ř

iPrNs

ř

jPrNs
Mpi, jq. We equip Σ “ ΣrLs0 , with the metric

dpi, jq “ L´|i^j|,

where i ^ j is the maximal common prefix of i and j, |.| denotes the length. We
now restate Lemma 4.4.

Lemma 6.10 (Lemma 4.5 in [2]). For every t ą 0 there is an ergodic measure µt

on ΣrLs0 such that there exists a C ą 0 that for any θ “ pθ1, . . . , θnq P rLs˚
0

C´1
ď

µt prθsq

}Mθ}
t expp´nP ptqq

ď C (6.6)

Moreover,
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dimH µt “
P ptq ´ tP 1ptq

logpLq
(6.7)

and

lim
nÑ8

log }Mθθθ|n}

n
“ P 1

ptq for µt ´ a.a.θθθ “ pθ1, θ2, . . .q P ΣrLs0 . (6.8)

Property (6.6) is referred to as the Gibbs property of the measure µt.
We now proceed with the proof of this lemma. We begin with a few preliminary

observations. Let A,B be N ˆ N non-negative matrices and P be an N ˆ N
positive matrix. Then

}APB} ě p}A}}B}, (6.9)

where p “ min
i,j

Ppi, jq. For t ą 0 and θ P rLsn0 , we define the quantities

snpθ, tq :“ }Mθ}
t, and snptq :“

ÿ

θPrLsn0

snpθ, tq. (6.10)

Recalling that M
rθ is strictly positive, we have that m :“ mini,j Mrθpi, jq ą 0. For

any t ą 0, θ1 P rLsn0 and θ2 P rLsℓ0, the following holds:

sn`rn`ℓpθ1
rθθ2, tq ě mtsnpθ1, tqsℓpθ2, tq. (6.11)

Therefore, it follows that

sn`ℓ`rnptq ě
ÿ

θ1PrLsn0

ÿ

θ2PrLsℓ0

}Mθ1
rθθ2

}
t

ě mt
ÿ

θ1PrLsn0

ÿ

θ2PrLsℓ0

}Mθ1
}
t
}Mθ2

}
t

“ mtsnptqsℓptq.

(6.12)
We now state an analog of Fekete’s Superadditive Lemma:

Lemma 6.11. Assume that there exists an r P N such that for all m,n P N, the
sequence an satisfies the following almost superadditivity condition:

an`m`r ě an ` am ` c. (6.13)

Then
lim
nÑ8

an
n

“ lim
nÑ8

an
n ` r

exists and lim
nÑ8

an
n

“ sup
n

an ` c

n ` r
. (6.14)

Proof. We will only prove it in the case when c “ 0; when c ‰ 0, one can apply the
statement to bn “ an ` c, from which the assertion follows. For this shifted version
of Fekete’s Superadditive Lemma, one must modify the original proof slightly.

Assume now that there exists r P N so that for all m,n P N the sequence
satisfies an`m`r ě an ` am. It then follows that

lim sup
n

an{n ď sup
n
an{pn ` rq.

Hence, it suffices to show that

lim inf
n

an
n

ě sup
n

an
n ` r

.
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Assume to the contrary that lim infn an{n ă supn an{pn ` rq. Then there exists a
subsequence pn1

kqk and an ε ą 0 so that

an1
k
{n1

k ă sup
n
an{pn ` rq ´ ε

for all k.
By the definition of the supremum, there exists a z P N such that az{pz ` rq ě

supn an{pn ` rq ´ ε. Fix such a z. By pigeonholing, we can find a subsequence
pnkqk so that each element nk falls into the same residue class modulo z ` r. That
is, nk “ n1 ` αkpz ` rq for all k for a sequence of natural numbers pαkqk. One can
prove with induction on ℓ P N that

aℓ¨z`pℓ´1qr ě ℓaz.

Consequently, for the fixed subsequence

ank
“ an1`αkpz`kq ě an1 ` αkaz.

Dividing by nk and taking limit yields lim infn ank
{nk ě az{pz ` rq ě supn an{pn`

rq ´ ε which provides the required contradiction.

Now, we adopt some of the standard notation from [21, Lemma 3.1]. Namely,
for two families of positive numbers taiuiPI , tbiuiPI , we write

• ai « bi if there exists a constant C ą 0 such that C´1ai ď bi ď Cai for all
i P I, and

• ai ě bi if there exists a constant C ą 0 such that ai ě Cbi for all i P I.

We state the following part of [21, Lemma 3.1] without proof.

Lemma 6.12 (Lemma 3.1 in [21]). For any t ą 0, n P N and θ P rLsn0 ,
ÿ

βPrLsℓ0

sn`ℓpβθ, tq «
ÿ

βPrLsℓ0

sn`ℓpθβ, tq « snpθ, tqsℓptq.

For θ Ă rLsn0 , let

νn,tprθsq :“
snpθ, tq

snptq
.

Since tνn,tun is a sequence of probability measures, it has a subsequence νnk
which

converges to a measure νt in the weak-* topology. In the following lemma, we show
that νt has the Gibbs property.

Lemma 6.13 (Modified version of Lemmas 2.4 and 2.5 in [21]). For n P N and
t ą 0:

snptq « exppnP ptqq. (6.15)

For any θ P rLsn0 , the measure satisfies

νtprθsq « snpθ, tq expp´nP ptqq. (6.16)
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Proof. The assertion of (6.15) follows from the following observations.
First, subadditivity of the matrix norm implies

sn`ℓptq ď snptq ¨ sℓptq.

By Fekete’s Subadditive Lemma, the pressure satisfies

P ptq “ lim
nÑ8

snptq

n
“ inf

n

snptq

n
.

This yields the lower bound, expp´nP ptqq ď snptq.
For the reverse inequality, we use for all n, ℓ P N that

sn`ℓ`kptq ě mtsnptqsℓptq.

Applying the analog of Fekete’s Superadditive Lemma, Lemma 6.11, leads to

P ptq “ lim
nÑ8

logpmt ¨ snq

n
“ sup

n

logpmt ¨ snq

n ` r
,

hence expppn ` rqP ptqq ě mt ¨ snptq. This concludes the proof of (6.15).
To prove the second part, (6.16), we fix θ P rLsn0 . For any ℓ P N, the measure

satisfies the following:

νℓ,tprθsq “
ÿ

βPrLs
n`ℓ
0

sn`ℓpθβ, tq

sn`ℓptq
« snpθ, tq

sℓptq

sn`ℓptq
« snpθ, tq expp´nP ptqq.

Taking the limit as ℓ goes to infinity, we obtain the desired result.

Let σ denote the left-shift operator on Σ :“ ΣrLs0 . Namely, σ : Σ Ñ Σ defined
for pθ1, θ2, . . . q “ θθθ P Σ, as σpθθθq “ pθ2, θ3, . . . q. We define the measure µt as the
limit of the sequence

"

1

n

`

νt ` νt ˝ σ´1
` . . . ` νt ˝ σ´pn´1q

˘

*

in the weak-star topology.

Proposition 6.14. The measure µt is σ-invariant, satisfies the Gibbs property, is
ergodic, and is the unique measure satisfying these properties.

Proof sketch of Proposition 6.14. The σ-invariance of µt follows from the construc-
tion by a Krylov-Bogolyubov-type argument. We now consider the Gibbs property
(see (6.6)). For each θ P rLsn0 , and ℓ P N the set σ´ℓprθsq “

Ť

βPrLsℓ0
rβθs.

νt ˝ σ´ℓ
prθsq “

ÿ

βθPrLs
n`ℓ
0

νtprβθsq (6.17)

«
ÿ

βθPrLs
n`ℓ
0

sn`ℓpβθ, tq expp´pn ` ℓqP ptqq (Lemma 6.16, (6.15))

« sℓptqsnpθ, tq expp´pℓ ` nqP ptqq (Lemma 6.12)
« snpθ, tq expp´nP ptqq (Lemma 6.13, (1.11))
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This proves that µt satisfies the Gibbs property. Next, we prove that µt is ergodic.
First, we show that there is a constant C ą 0 such that for each θ P rLsn0 , β P rLsℓ0,

lim
kÑ8

1

k

k´1
ÿ

i“0

µt

`

rθs X σ´i
prβsq

˘

ě Cµtprθsqµtprβsq.

Since µt is supported on Σ, it suffices to prove the above for θ P rLsn0 and
β P rLsℓ0. Let i ą n ` 2rn, then

µt

`

rθs X σ´i
prβsq

˘

“
ÿ

γPrLs
i´n
0

µt

`

rθγβs
˘

«
ÿ

γPrLs
i´n
0

si`ℓpθγβ, tq expp´pi ` ℓqP ptqq

ěsnpθ, tqsℓpβ, tq expp´pi ` ℓqP ptqq
ÿ

γ1PrLs
i´n´2rn
0

m2tsi´n´2rnpγ1, tq

«snpθ, tqsℓpβ, tq expp´pi ` ℓqP ptqq expp´pi ´ n ´ 2rnqP ptqq

«snpθ, tqsℓpβ, tq expp´pn ` ℓqP ptqq « µtprθsqµtprβsq.

The above used (6.11) and (6.12). Finally, a standard argument shows that the
same holds for arbitrary Borel sets instead of only for cylinders.

Proposition 6.15. For t ą 0, the Gibbs measure µt defined above satisfies:

dimHpµtq “
P ptq ´ tP 1ptq

logpLq
and, (6.18)

lim
nÑ8

logp}Mθθθ|n}q

n
“ P 1

ptq for µt ´ a.e. θθθ P ΣrLs0 . (6.19)

Sketch of the proof, based entirely on the proof appearing in [20]. For q P R, the
Lq-spectrum of µt is

τµtpqq “ lim inf
nÑ8

log
´

ř

θPrLsn0
µtprθsqq

¯

n logpLq
“
qP ptq ´ P ptqq

logpLq
.

Moreover,

τ 1
µt

p1q “
P ptq ´ tP 1ptq

logpLq
.

By [41], for almost every θθθ P Σ,

lim
nÑ8

log µtprθθθ|nsq

n logpLq
“ τ 1

µt
p1q “

P ptq ´ tP 1ptq

logpLq
,

which implies that

dimHpµtq “
P ptq ´ tP 1ptq

logpLq
.

Using the Gibbs property of µt, it follows that

lim
nÑ8

logp}Mθθθ|n}q

n
“ P 1

ptq,

for µt-a.e. θθθ P Σ.
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